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Abstract. In this paper, we find the number of representations of integers by

certain quadratic forms in 8 variables by using the theory of modular forms. By

expressing these formulas in terms of certain convolution sums of the divisor
function and using our formulas, we deduce formulas for the convolution sums

Wj,7(n) for j = 1, 2, 3, 4.

1. Introduction

For positive integers a, b, n, define the convolution sum Wa,b(n) by

Wa,b(n) :=
∑
l,m∈N

al+bm=n

σ(l)σ(m), (1)

where σ(n) is the divisor function. We note that Wa,1(n) = W1,a(n), which is
denoted by Wa(n). These type of sums were evaluated as early as the 19th century.
For example, the sum W1(n) was evaluated by M. Besge, J. W. L. Glaisher and S.
Ramanujan [3, 6, 12]. Some of the convlotution sums of the above type have been
obtained by several authors (see for example [7, 13, 11] and also the works of K.
S. Williams and his co-authors ([16] and the references therein)).

Let Q be the quadratic form in four variables defined by

Q : x21 + x1x2 + 2x22 + x23 + x3x4 + 2x24,

and
RQ(n) = card

{
(x1, x2, x3, x4) ∈ Z4 : Q(x1, x2, x3, x4) = n

}
be the number of representations of a positive integer n by the quadratic form Q.
A formula for RQ(n) was obtained in [15] by using an elementary method, which
is given by

RQ(n) = 4σ(n)− 28σ
(n

7

)
, (2)

where we define σ(x) = 0, when x is not a positive integer. In this article we find
a formula for RQ⊕jQ(n) where

Q⊕ jQ := x21 +x1x2 +2x22 +x23 +x3x4 +2x24 + j(x25 +x5x6 +2x26 +x27 +x7x8 +2x28),
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for j = 1, 2, 3, 4 using theory of modular forms. Next, by using the above formula
for RQ(n), we express RQ⊕jQ(n) in terms of the convolution sums Wj(n), W7j(n)
and Wj,7(n). Since the convolutions Wj(n), 1 ≤ j ≤ 4 and W7j(n), j = 1, 2, 4 are
already known, we use them along with W21(n) (which we prove using the theory
of quasimodular forms), to give formulas for Wj,7(n) for 1 ≤ j ≤ 4. We note that
RQ⊕Q(n) has also been evaluated by K. S. Williams in [15], using the convolution
sums method.

2. Preliminaries and Statement of Results

Let Mk(N) be the space of modular forms of weight k for the congruence
subgroup Γ0(N) and Sk(N) be the subspace of cusp forms of weight k for the
congruence subgroup Γ0(N).

Let Q : Z2m → Z be a positive definite quadratic form given by

Q(x) =
1

2
xtAx,

where x ∈ Z2m. Then the associated theta series, denoted by ΘQ(z), is defined as

ΘQ(z) =
∑

x∈Z2m

e2πiQ(x)z.

Let M be the smallest positive integer such that MA−1 is an even integral matrix
(i.e., a matrix with diagonal entries as even integers and off-diagonal entries as

integers) and χm,M be the quadratic character defined by
(

(−1)mM
·

)
. Then, it is

known that ΘQ(z) is a modular form of weight m on Γ0(M) with character χm,M .
For more details on theta series associated to integral quadratic forms we refer to
Chapter IX of [14] and [4, p.32].

For k ≥ 4, let Ek denote the normalized Eisenstein series of weight k in Mk(1)
given by

Ek(z) = 1− 2k

Bk

∑
n≥1

σk−1(n)qn (q = e2πiz, Im(z) > 0),

where Bk is the k-th Bernoulli number defined by
x

ex − 1
=

∞∑
m=0

Bm
m!

xm. The Eisen-

stein series E4(z) = 1+240
∑
n≥1

σ3(n)qn is used in our proof. For k = 2, the Eisenstein

series E2(z) is a quasimodular form of weight 2, depth 1 on SL2(Z), which has the
following Fourier expansion:

E2(z) = 1− 24
∑
n≥1

σ(n)qn

and it is fundamental in the theory of quasimodular forms. In order to evaluate

the convolution sum W21(n), we use the following structure theorem on M̃
≤k/2
k (N),

the space of quasimodular forms of weight k, depth ≤ k/2 on Γ0(N) (see [8, 10]).

Theorem A (Kaneko-Zagier): For an even integer k with k ≥ 2, we have

M̃
≤k/2
k (N) =

k/2−1⊕
j=0

DjMk−2j(N)⊕ CDk/2−1E2, (3)

where the differential operator D is defined by D := 1
2πi

d
dz .
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Using this theorem, one can express each quasimodular form of weight k and depth
≤ k/2 as a linear combination of j-th derivatives of modular forms of weight k− 2j
on Γ0(N), 0 ≤ j ≤ k/2− 1 and the (k/2− 1)-th derivate of the quasimodular form
E2. For details on basic theory of modular forms and quasimodular forms, we refer
the reader to [4, 8, 10].

Let d be the dimension of the space Snewk (N), which is spanned by the nor-
malised Hecke eigenforms in the space Sk(N). We denote these basis elements as
{∆k,N ;j(z) : 1 ≤ j ≤ d}, where we denote their Fourier expansions by

∆k,N ;j(z) =
∑
n≥1

τk,N ;j(n)qn.

If d = 1, then we write the basis element as ∆k,N and its Fourier coefficients are
denoted as τk,N (n). For more details on the theory of newforms, we refer to [2].
We also need the following 9 cusp forms which are basis elements of the space
S4(28). Here we use the same notation for their Fourier coefficients as in [1]. For
1 ≤ j ≤ 9, the nine cusp forms fj(z) =

∑
n≥1cj(n)qn are defined by the following

eta products/quotients.

f1(z) = η5(z)η5(7z)
η(2z)η(14z) ; f2(z) = η2(z)η2(2z)η2(7z)η2(14z);

f3(z) = η6(z)η6(14z)
η2(2z)η2(7z) ; f4(z) = η6(2z)η6(7z)

η2(z)η2(14z) ;

f5(z) = η2(4z)η4(14z)η2(28z); f6(z) = η6(2z)η6(28z)
η2(4z)η2(14z) ;

f7(z) = η4(2z)η6(28z)
η2(4z) ; f8(z) = η(z)η(2z)η(7z)η8(28z)

η3(14z) ;

f9(z) = η(2z)η(4z)η9(28z)
η3(14z) ,

where η(z) is the Dedekind eta function given by η(z) = q1/24
∏
n≥1

(1− qn).

We need the following convolution sums WN (n), N = 1, 2, 3, 4, 14, 28. Among
these, W28(n) is recently evaluated by A. Alaca, S. Alaca and E. Ntienjem [1] and
the rest were evaluated by E. Royer [13].

Theorem 2.1. (See [1, 13]) For a natural number n,

W1(n) =
5

12
σ3(n) +

(
1

12
− n

2

)
σ(n),

W2(n) =
1

12
σ3(n) +

1

3
σ3

(n
2

)
+

(
1

24
− n

8

)
σ(n) +

(
1

24
− n

4

)
σ
(n

2

)
,

W3(n) =
1

24
σ3(n) +

3

8
σ3

(n
3

)
+

(
1

24
− n

12

)
σ(n) +

(
1

24
− n

4

)
σ
(n

3

)
,

W4(n) =
1

48
σ3(n) +

1

16
σ3

(n
2

)
+

1

3
σ3

(n
4

)
+

(
1

24
− n

16

)
σ(n) +

(
1

24
− n

4

)
σ
(n

4

)
,

W14(n) =
1

600
σ3(n) +

1

150
σ3

(n
2

)
+

49

600
σ3

(n
7

)
+

49

150
σ3

( n
14

)
+

(
1

24
− n

56

)
σ(n) +

(
1

24
− n

4

)
σ
( n

14

)
− 3

350
τ4,7(n)− 6

175
τ4,7

(n
2

)
− 1

84
τ4,14;1(n)− 1

200
τ4,14;2(n),
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W28(n) =
1

2400
σ3(n) +

1

800
σ3

(n
2

)
+

1

150
σ3

(n
4

)
+

49

2400
σ3

(n
7

)
+

49

800
σ3

( n
14

)
+

49

150
σ3

( n
28

)
+

(
1

24
− n

112

)
σ(n) +

(
1

24
− n

4

)
σ
( n

28

)
+

1121

67200
c1(n) +

2389

22400
c2(n)− 1

128
c3(n)− 3349

67200
c4(n)

−101

200
c5(n)− 17

40
c6(n) +

13

200
c7(n)− 433

150
c8(n)− 254

75
c9(n).

Following the method of Royer [13], we evaluate the following convolution sum.

Theorem 2.2. For a natural number n,

W21(n) =
1

24
σ(n) +

1

24
σ
( n

21

)
− 1

4
nσ
( n

21

)
− 1

84
nσ(n) +

1

1200
σ3(n)

+
3

400
σ3

(n
3

)
+

49

1200
σ3

(n
7

)
+

147

400
σ3

( n
21

)
− 1

175
τ4,7(n)

− 9

175
τ4,7

(n
3

)
− 1

100
τ4,21;2(n)− 5

672
(τ4,21;3(n) + τ4,21;4(n))

− 11

12768

√
57(τ4,21;3(n)− τ4,21;4(n)).

Note: The dimension of Snew4 (21) is 4 and out of which two newforms have rational
Fourier coefficients and the other two newforms do not have rational Fourier coef-
ficients. In the latter case, the eigenvalues of the Hecke operators T (p) for p 6= 3, 7
satisfy the quadratic polynomial x2 + 3x − 12, and therefore the eigenvalues (and
hence the Fourier coefficients) of these two newforms belong to the number field

Q(
√

57) (57 is the discriminant of the quadratic polynomial). More precisely, the

Fourier coefficients τ4,21;3(n) and τ4,21;4(n) belong to the number field Q(
√

57).

However, we note that both τ4,21;3(n) + τ4,21;4(n) and
√

57(τ4,21;3(n) − τ4,21;4(n))
are rational numbers.

The following is the main theorem of this section.

Theorem 2.3. For a natural number n,

RQ⊕Q(n) =
24

5
σ3(n) +

1176

5
σ3

(n
7

)
+

16

5
τ4,7(n),

RQ⊕2Q(n) =
24

25
σ3(n) +

96

25
σ3

(n
2

)
+

1176

25
σ3

(n
7

)
+

4704

25
σ3

( n
14

)
+

48

25
τ4,7(n) +

192

25
τ4,7

(n
2

)
+

28

25
τ4,14;1(n),

RQ⊕3Q(n) =
12

25
σ3(n) +

108

25
σ3

(n
3

)
+

588

25
σ3

(n
7

)
+

5292

25
σ3

( n
21

)
+

32

25
τ4,7(n) +

288

25
τ4,7

(n
3

)
+

56

25
τ4,21;2(n),
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RQ⊕4Q(n) =
6

25
σ3(n) +

18

25
σ3

(n
2

)
+

96

25
σ3

(n
4

)
+

294

25
σ3

(n
7

)
+

882

25
σ3

( n
14

)
+

4704

25
σ3

( n
28

)
− 356

175
c1(n)− 316

25
c2(n) + 2c3(n) +

1014

175
c4(n)

+
1328

25
c5(n) +

336

5
c6(n)− 664

25
c7(n) +

10432

25
c8(n) +

10432

25
c9(n).

Remark 2.1. As mentioned in the introduction K. S. Williams [15] evaluated
the formula for RQ⊕Q(n) by using the convolution sum W7(n). In this paper we
have computed this formula using the theory of modular forms. Therefore, as a
consequence to our formula for RQ⊕Q(n), we obtain the convolution sum W7(n)
(see Corollary 2.4 below). The proof is demonstrated in §3.3.

Remark 2.2. By the Atkin-Lehner theory of newforms [2], we see that the
normalized newforms ∆4,7(z) and ∆4,14;j(z), j = 1, 2 are eigenforms under the
Hecke operator for the prime 7 dividing the level with eigenvalues ±7. Using this,
we have for a ≥ 1,

τ4,7(7a) = (−1)a7a; τ4,14;1(7a) = (−1)a7a; τ4,14;2(7a) = 7a.

Therefore, in Theorem 2.3, the formulas for RQ⊕jQ(n) for 1 ≤ j ≤ 3 have elemen-
tary evaluations when n = 7a, a ≥ 1.

In the following corollary, we use the formulas of Theorem 2.3 and the convo-
lution sums WN (n), N = 1, 2, 3, 4, 14, 21, 28 (given by Theorems 2.1 and 2.2), to
obtain the convolution sums W7(n), W2,7(n), W3,7(n) and W4,7(n). We note that
in [5], Chan and Cooper also used a different method to evaluate the convolution
sums Wp(n), p = 3, 7, 11, 23.

Corollary 2.4. For a natural number n, we have

W7(n) =
1

120
σ3(n) +

49

120
σ3

(n
7

)
+

(
1

24
− n

28

)
σ(n) +

(
1

24
− n

4

)
σ
(n

7

)
− 1

70
τ4,7(n),

W2,7(n) =
1

600
σ3(n) +

1

150
σ3

(n
2

)
+

49

600
σ3

(n
7

)
+

49

150
σ3

( n
14

)
+

(
1

24
− n

28

)
σ
(n

2

)
+

(
1

24
− n

8

)
σ
(n

7

)
− 3

350
τ4,7(n)

− 6

175
τ4,7

(n
2

)
+

1

600
τ4,14;1(n) +

1

200
τ4,14;2(n),

W3,7(n) =
1

1200
σ3(n) +

3

400
σ3

(n
3

)
+

49

1200
σ3

(n
7

)
+

147

400
σ3

( n
21

)
+

(
1

24
− n

28

)
σ
(n

3

)
+

(
1

24
− n

12

)
σ
(n

7

)
− 1

175
τ4,7(n)

− 9

175
τ4,7

(n
3

)
− 1

100
τ4,21;2(n) +

5

672
(τ4,21;3(n) + τ4,21;4(n))

+
11

12768

√
57(τ4,21;3(n)− τ4,21;4(n)),
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W4,7(n) =
1

2400
σ3(n) +

1

800
σ3

(n
2

)
+

1

150
σ3

(n
4

)
+

49

2400
σ3

(n
7

)
+

49

800
σ3

( n
14

)
+

49

150
σ3

( n
28

)
+

(
1

24
− n

28

)
σ
(n

4

)
+

(
1

24
− n

16

)
σ
(n

7

)
+

697

470400
c1(n) +

139

22400
c2(n)− 9

896
c3(n)− 893

470400
c4(n)

+
43

1400
c5(n)− 7

40
c6(n) +

241

1400
c7(n)− 881

1050
c8(n)− 178

525
c9(n).

3. Proofs

For the proofs of our theorems, we need the following newforms ∆k,N (z),
(k,N) ∈ {(2, 14), (2, 21), (4, 7)}, ∆4,14;1(z), ∆4,14;2(z) and ∆4,21;j(z), 1 ≤ j ≤ 4.
Below we give their expression in terms of Eisenstein series and eta products. We
have used the L-functions and modular forms database [9] to get some of these
expressions.

∆2,14(z) = η(z)η(2z)η(7z)η(14z),

∆2,21(z) =
η(7z)

2η2(z)η(3z)η(9z)η(21z)

(
3η2(z)η2(7z)η4(9z) + 3η4(z)η2(9z)η2(63z)

−η5(3z)η(7z)η(9z)η(21z) + 7η(z)η2(3z)η(9z)η4(21z)

+3η3(z)η(7z)η3(9z)η(63z)− 3η(z)η5(3z)η(21z)η(63z)
)
,

∆4,7(z) =
(η3(z)η3(7z) + 4η3(2z)η3(14z))η2(z)η2(7z)

η(2z)η(14z)
,

∆4,14;1(z) = −9

4
∆4,7(z)− 9∆4,7(2z) +

∆2,14(z)

4

(
24∆2,14(z) + 14E2(14z)− E2(z)

)
,

∆4,14;2(z) = ∆4,7(z)− 4∆4,7(2z)− 5∆2
2,14(z),

∆4,21;1(z) = ∆2,21(z)

(
− 1

24
E2(z)− 1

8
E2(3z) +

7

24
E2(7z) +

7

8
E2(21z)

)
,

∆4,21;2(z) = ∆2,21(z)

(
1

12
E2(z)− 1

4
E2(3z)− 7

12
E2(7z) +

7

4
E2(21z)

)
.

We have not found expressions for the remaining two newforms ∆4,21;3(z) and
∆4,21;4(z) (of weight 4 and level 21), whose Fourier coefficients lie in the real qua-

dratic field Q(
√

57). (Refer to the Note before Theorem 2.3.) Below, we give their
first few Fourier coefficients using the database [9].

∆4,21;3(z) = q +
−3 +

√
57

2
q2 + 3q3 +

17− 3
√

57

2
q4 + (3−

√
57)q5

+
−9 +

√
57

2
q6 + 7q7 + · · · ,

∆4,21;4(z) = q +
−3−

√
57

2
q2 + 3q3 +

17 + 3
√

57

2
q4 + (3 +

√
57)q5

−9 +
√

57

2
q6 + 7q7 + · · · .
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We also need the following weight 2 Eisenstein series defined (for two positive
integers a, b, a < b) by

Φa,b(z) =
1

b− a
(bE2(bz)− aE2(az)) .

3.1. Proof of Theorem 2.2. The vector space M2(21) is of dimension 4 with
a basis

{Φ1,3(z),Φ1,7(z),Φ1,21(z),∆2,21(z)},
and M4(21) is of dimension 10 with a basis

{E4(dz), d|21; ∆4,7(z),∆4,7(3z),∆4,21;j(z), 1 ≤ j ≤ 4}.

We note that E2(z)E2(21z) ∈ M̃≤24 (21). Using Theorem A and the above basis, we
have

E2(z)E2(21z) =
1

500
E4(z) +

9

500
E4(3z) +

49

500
E4(7z) +

441

500
E4(21z)− 576

175
∆4,7(z)

−5184

175
∆4,7(3z)− 144

25
∆4,21;2(z) +

(
− 66

133

√
57− 30

7

)
∆4,21;3(z)

+

(
66

133

√
57− 30

7

)
∆4,21;4(z) +

40

7
DΦ1,21(z) +

4

7
DE2(z).

By comparing the n-th Fourier coefficients of both the sides of the above identity,
we get the required formula for W21(n).

Remark 3.1. In this remark we derive an expression for the newform ∆4,14;1(z)
in terms of the Eisenstein series E2(z) and its derivative. We note that (see [13])

E2(z)E2(14z) =
1

250
E4(z) +

2

125
E4(2z) +

49

250
E4(7z) +

98

125
E4(14z)

−864

175
∆4,7(z)− 3456

175
∆4,7(2z)− 48

7
∆4,14;1(z)− 72

25
∆4,14;2(z)

+
39

7
DΦ1,14(z) +

6

7
DE2(z).

Now, consider the quasimodular form E2(2z)E2(7z) in M̃≤24 (14), and using Theo-
rem A, we have the following expression.

E2(2z)E2(7z) =
1

250
E4(z) +

2

125
E4(2z) +

49

250
E4(7z) +

98

125
E4(14z)

−864

175
∆4,7(z)− 3456

175
∆4,7(2z) +

48

7
∆4,14;1(z)− 72

25
∆4,14;2(z)

+
18

7
DΦ1,7(z) +

39

7
DΦ1,14(z)− 36

7
DΦ2,14(z) +

6

7
DE2(z).

Therefore, from the above two expressions, we get

E2(2z)E2(7z)− E2(z)E2(14z) =
96

7
∆4,14;1(z) +

18

7
DΦ1,7(z)− 36

7
DΦ2,14(z).

This gives an expression for the newform ∆4,14;1(z) in terms of Eisenstein series.
More precisely, we have

∆4,14;1(z) =
7

96
E2(2z)E2(7z)− 7

96
E2(z)E2(14z)− 7

32
DE2(7z)

+
1

32
DE2(z) +

7

16
DE2(14z)− 1

16
DE2(2z).

(4)
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3.2. Proof of Theorem 2.3. In this section, we shall obtain the formulas for
RQ⊕jQ(n) as given in Theorem 2.3. Let

ΘQ⊕jQ(z) =
∑

x1,··· ,x8∈Z
q(Q⊕jQ)(x1,··· ,x8) (5)

be the theta series associated with the quadratic forms Q ⊕ jQ for j = 1, 2, 3, 4.
Now using the description mentioned in the Preliminaries section, we see that the
theta series ΘQ⊕jQ(z) belongs to the space M4(7j) and has the Fourier expansion

ΘQ⊕jQ(z) =

∞∑
n=0

RQ⊕jQ(n)qn.

Therefore, it is sufficient to obtain explicit bases for the spaces of modular forms
M4(7j). The required formulas will follow by expressing each theta series as a lin-
ear combination of the corresponding modular form basis and comparing the nth
Fourier coefficients. We shall give below explicit bases for the spaces M4(7j) for
j = 1, 2, 3, 4 in tabular form.

Space Dimension Basis
M4(7) 3 {E4(az), a|7; ∆4,7(z)}
M4(14) 8 {E4(az), a|14; ∆4,7(bz), b|2; ∆4,14;i(z), 1 ≤ i ≤ 2}
M4(21) 10 {E4(az), a|21; ∆4,7(bz), b|3; ∆4,21;i(z), 1 ≤ i ≤ 4}
M4(28) 15 {E4(az), a|28; fi(z), 1 ≤ i ≤ 9}

(Note that the newforms ∆k,N (z), ∆k,N ;i(z) appearing in the above table are
defined in §3 and the forms fi(z) that apper for level 28 case are defined in §2.)

Using the above bases, we have the following:

ΘQ⊕Q(z) =
1

50
E4(z) +

49

50
E4(7z) +

16

5
∆4,7(z), (6)

ΘQ⊕2Q(z) =
1

250
E4(z) +

2

125
E4(2z) +

49

250
E4(7z) +

98

125
E4(14z)

+
48

25
∆4,7(z) +

192

25
∆4,7(2z) +

28

25
∆4,14;1(z), (7)

ΘQ⊕3Q(z) =
1

500
E4(z) +

9

500
E4(3z) +

49

500
E4(7z) +

441

500
E4(21z)

+
32

25
∆4,7(z) +

288

25
∆4,7(3z) +

56

25
∆4,21;2(z), (8)

ΘQ⊕4Q(z) =
1

1000
E4(z) +

3

1000
E4(2z) +

2

125
E4(4z) +

49

1000
E4(7z)

+
147

1000
E4(14z) +

98

125
E4(28z)− 356

175
f1(z)− 316

25
f2(z) + 2f3(z)

+
1014

175
f4(z) +

1328

25
f5(z) +

336

5
f6(z)− 664

25
f7(z)

+
10432

25
f8(z) +

10432

25
f9(z). (9)

The theorem now follows by comparing the nth Fourier coefficients from the above
expressions.
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3.3. Proof of Corollary 2.4. In order to get the convolution sums Wa,b(n)
for (a, b) = (1, 7), (2, 7), (3, 7), (4, 7) in the corollary, we first compute the formulas
RQ⊕jQ(n) (1 ≤ j ≤ 4) using the convolution sums method.
Let N0 = N ∪ {0}. For n ∈ N we know that (see [15])

RQ(n) = 4σ(n)− 28σ
(n

7

)
. (10)

Then for 1 ≤ j ≤ 4, RQ⊕jQ(n) is given by

RQ⊕jQ(n) =
∑

a,b∈N0
a+jb=n

( ∑
Q(x1,··· ,x4)=a

1
)( ∑
Q(x5,··· ,x8)=b

1
)

= RQ(n) +RQ(n/j) +
∑
a,b∈N

a+jb=n

RQ(a)RQ(b)

= 4σ(n)− 28σ
(n

7

)
+ 4σ

(
n

j

)
− 28σ

(
n

7j

)
+

16Wj(n)− 4× 28W7j(n)− 4× 28Wj,7(n) + 282Wj

(n
7

)
.

Comparing these formulas with the formulas given in Theorem 2.3 and using the
convolution sums given in Theorem 2.1 and Theorem 2.2, we get the convolution
sums Wj,7(n), for 1 ≤ j ≤ 4. This completes the proof.
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