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Rough Singular Integral

Let Ω : Sd−1 → C with
∫
Sd−1 Ω(θ)dθ = 0.

Define

TΩf (x) = p.v .

∫
Rd

Ω(y ′)

|y |d
f (x − y)dy ,

(
y ′ =

y

|y |

)
.

If Ω ∈ L log L(Sd−1) i.e
∫
|Ω| log(e + |Ω|) < ∞ then

TΩ : Lp → Lp, 1 < p < ∞.

1 Calderón and Zygmund (1956) by method of rotations.

2 Duoandikoetxea and Rubio de Francia (1986) by a double dyadic
decompostion (Ω ∈ Lq(Sd−1), 1 < q ≤ ∞).
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Endpoint Estimate (p = 1)

If Ω ∈ Lip(Sd−1), then TΩ : L1 → L1,∞.

Natural to ask: If Ω ∈ L log L(Sd−1) then is it true

TΩ : L1 → L1,∞?

Christ and Rubio de Francia (Invent. Math, 1988):For d = 2
(Independently by Hofmann (Proc. AMS, 1988)),

TΩ : L1(R2) → L1,∞(R2).

Seeger (J. AMS, 1996) For all dimensions d ≥ 2,

TΩ : L1(Rd) → L1,∞(Rd).
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Rough Maximal Singular Integral T ∗
Ω

Let Ω ∈ L log L(Sd−1) and
∫
Sd−1

Ω(θ)d(θ) = 0. Denote

T ∗
Ωf (x) = sup

ϵ>0

∣∣∣∣∣
∫

|y|>ϵ

Ω(y ′)

|y |d
f (x − y)dy

∣∣∣∣∣ = sup
ϵ>0

|T ϵ
Ωf (x)|.

It well known that

T ∗
Ω : Lp(Rd) → Lp(Rd), 1 < p < ∞.

A longstanding open problem is

T ∗
Ω : L1(Rd) → L1,∞(Rd)?

For a unit cube Q in Rd ,

T ∗
Ω : L log L(Q) → L1,∞(Rd).

Honźık (IMRN, 2020) showed that for Ω ∈ L∞(Sd−1) and ϵ > 0,

T ∗
Ω : L(log log L)

2+ϵ
(Q) → L1,∞(Rd).

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals January 6, 2022 4 / 35



Rough Maximal Singular Integral T ∗
Ω

Let Ω ∈ L log L(Sd−1) and
∫
Sd−1

Ω(θ)d(θ) = 0. Denote

T ∗
Ωf (x) = sup

ϵ>0

∣∣∣∣∣
∫

|y|>ϵ

Ω(y ′)

|y |d
f (x − y)dy

∣∣∣∣∣ = sup
ϵ>0

|T ϵ
Ωf (x)|.

It well known that

T ∗
Ω : Lp(Rd) → Lp(Rd), 1 < p < ∞.

A longstanding open problem is

T ∗
Ω : L1(Rd) → L1,∞(Rd)?

For a unit cube Q in Rd ,

T ∗
Ω : L log L(Q) → L1,∞(Rd).
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Ap weights

Let w : Rd → R be a non-negative function.

We say w ∈ A1 if

[w ]A1 = sup
Q⊂Rd

( 1

|Q|

∫
Q

w(t) dt
)
∥w−1∥L∞(Q)

is finite. For 1 < p < ∞, we say w ∈ Ap if

[w ]Ap = sup
Q⊂Rd

( 1

|Q|

∫
Q

w(t) dt
)( 1

|Q|

∫
Q

w(t)−
1

p−1 dt
)p−1

is finite, and w ∈ A∞ if

[w ]A∞ = sup
Q⊂Rd

(∫
Q

w(t) dt
)−1(∫

Q

M(wχQ)(t) dt
)

is finite, where M is the Hardy-Littlewood maximal function.
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Weighted inequalities
Lerner (New York J., 2016):

∥T
CZ
∥L2(w)→L2(w) ≲ [w ]A2 .

Lerner, Ombrosi, Pérez (Math Res. Lett., 2009):

∥T
CZ
∥L1(w)→L1,∞(w) ≲ [w ]A1 log([w ]A∞ + 1).

The above inequalities also holds for T ∗
CZ

(Hytönen, Pérez, 2015).

Hytönen, Roncal, Tapiola (Israel J. Math, 2017): For Ω ∈  L∞(Sd−1),

∥TΩ∥L2(w)→L2(w) ≲ [w ]2A2
.

Li, Pérez, Rivera-Riós, Roncal (J. Geom. Anal., 2019):

∥TΩ∥L1(w)→L1,∞(w) ≲ [w ]A1 [w ]A∞ log([w ]A∞ + 1).
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Lerner, Ombrosi, Pérez (Math Res. Lett., 2009):

∥T
CZ
∥L1(w)→L1,∞(w) ≲ [w ]A1 log([w ]A∞ + 1).

The above inequalities also holds for T ∗
CZ

(Hytönen, Pérez, 2015).
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(Hytönen, Pérez, 2015).

Hytönen, Roncal, Tapiola (Israel J. Math, 2017): For Ω ∈  L∞(Sd−1),

∥TΩ∥L2(w)→L2(w) ≲ [w ]2A2
.
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Main result

Diplinio, Hytönen, Li (Ann. Inst. Fourier, 2020) proved the
(1 + ϵ, 1 + ϵ)-sparse domination of T ∗

Ω

i.e.

|⟨T ∗
Ωf , g⟩| ≲

1

ϵ

∑
Q∈S

|Q|⟨f ⟩1+ϵ,Q⟨g⟩1+ϵ,Q,

where S is a 1
2 -sparse family of cubes i.e.

For each Q ∈ S there exists EQ ⊂ Q such that |EQ| ≥ 1
2 |Q|.

{EQ : Q ∈ S} are pairwise disjoint.

Corollary: ∥T ∗
Ω∥L2(w)→L2(w) ≲ [w ]2A2

.

Theorem(Bhojak and Mohanty, 2021)

Let Ω ∈ L∞(Sd−1) and
∫

Ω(θ)dθ = 0. For w ∈ A1, we have

∥T ∗
Ω∥L log log L(w)→L1,∞(w) ≲ [w ]A1 [w ]A∞ log([w ]A∞ + 1).
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Discretising the supremum

Let β ∈ C∞
c (Rd), supp(β) ⊂ {1

2 ≤ |x | ≤ 2} and
∑
i∈Z

βi (x) = 1 for x ̸= 0,

where βi (x) = β(2−ix).

We have

T ∗
Ωf ≤ Mf + sup

k∈Z

∣∣∣∑
i>k

K i ∗ f
∣∣∣,

where K i (x) = K (x)βi (x).

Proof.

For an ϵ > 0, let kϵ = [log2 ϵ]
T ϵ
Ωf ≤ |K kϵ | ∗ |f | + |

∑
i>kϵ

K i ∗ f | ≲ Mf + sup
k∈Z

|
∑
i>k

K i ∗ f |.

It is well known that ∥M∥L1(w)→L1,∞(w) ≲ [w ]A1 .
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Decomposition of the function

For α > 0, we choose a maximal collection {Q}Q∈F of dyadic cubes such
that,

α <
1

|Q|

∫
Q

|f | ≤ 2dα.

Set E = ∪
Q∈F (100d)Q. Therefore

w(E ) ≲
∑
Q∈F

w((100d)Q)

|(100d)Q|
|Q| ≤ [w ]A1

α

∑
Q∈F

inf
y∈(100d)Q

w(y)

∫
Q
f
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Decomposition of the function
Further f

Q
=

∞∑
n=1

f n
Q
, where

f n
Q

= f
Q
χ
{2c12(n−1)

α<|f
Q
|≤2c12

n
α}
.

We write f n
Q

= gn
Q

+ bn
Q

, where

gn
Q

(x) =
( 1

|Q|

∫
f n
Q

)
χQ(x), and bn

Q
= f n

Q
− gn

Q
.

For n ∈ N, we set gn =
∑
Q∈F

gn
Q

, bn =
∑
Q∈F

bn
Q

,and f n =
∑
Q∈F

f n
Q

.

∥f n∥∞ ≲ 2c12
n
α.∫

bn
Q

= 0, ∀n ∈ N, Q ∈ F .∥∥∥∑
n

∑
Q∈F

|gn
Q
|
∥∥∥
∞

≲ α.
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.
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Breaking of the Kernel

Let ϕ ∈ C∞
c (Rd) with supp(ϕ) ⊂ B(0, 12) satisfying

∫
ϕ = 1. Set

ϕj(x) = 2jdϕ(2jx).

Define

K i
0 = K i ∗ ϕ−i ,

K i
n = K i ∗ ϕ∆2n−i for n ∈ N,

where ∆ ∈ N depends on the weight w and is to be chosen later.
Need to estimate the level set {x ∈ E c : sup

k∈Z
|
∑
i>k

K i ∗ f | > α}.
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Estimate for Hk,1

Fefferman-Stein inequality: For 1 < r < p, we have∥∥∥sup
k

∣∣∣∑
i>k

K i ∗ g
∣∣∣∥∥∥

Lp(w)
≲ p2(p′)

1
p (r ′)

1+ 1
p′ ∥g∥Lp(Mrw),

where Mrw = M(w r )
1
r .

Reverse Hölder: For w ∈ A1, there exists cd > 0 such that
Mrww ≲ [w ]A1w for rw = 1 + 1

cd [w ]A∞
.

We choose pw = 1 + 1
log([w ]A∞+1) .

w
{
x ∈ E c : sup

k

∣∣∣∑
i>k

K i ∗ g
∣∣∣ > α

5

}
≲

1

αpw
p2pww p′w (r ′w )

pw+
pw
p′w ∥g∥pwLpw (Mrww)

≲
1

α
p2pww p′w (r ′w )2pw−1 ∥f ∥L1(Mrww)

≲
1

α
log([w ]A∞ + 1)[w ]A∞ [w ]A1∥f ∥L1(w).
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Reverse Hölder: For w ∈ A1, there exists cd > 0 such that
Mrww ≲ [w ]A1w for rw = 1 + 1

cd [w ]A∞
.

We choose pw = 1 + 1
log([w ]A∞+1) .

w
{
x ∈ E c : sup

k

∣∣∣∑
i>k

K i ∗ g
∣∣∣ > α

5

}
≲

1

αpw
p2pww p′w (r ′w )

pw+
pw
p′w ∥g∥pwLpw (Mrww)

≲
1

α
p2pww p′w (r ′w )2pw−1 ∥f ∥L1(Mrww)

≲
1

α
log([w ]A∞ + 1)[w ]A∞ [w ]A1∥f ∥L1(w).

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals January 6, 2022 17 / 35



Estimate for Hk,1

Fefferman-Stein inequality: For 1 < r < p, we have∥∥∥sup
k

∣∣∣∑
i>k

K i ∗ g
∣∣∣∥∥∥

Lp(w)
≲ p2(p′)

1
p (r ′)

1+ 1
p′ ∥g∥Lp(Mrw),

where Mrw = M(w r )
1
r .

Reverse Hölder: For w ∈ A1, there exists cd > 0 such that
Mrww ≲ [w ]A1w for rw = 1 + 1

cd [w ]A∞
.

We choose pw = 1 + 1
log([w ]A∞+1) .

w
{
x ∈ E c : sup

k

∣∣∣∑
i>k

K i ∗ g
∣∣∣ > α

5

}
≲

1

αpw
p2pww p′w (r ′w )

pw+
pw
p′w ∥g∥pwLpw (Mrww)

≲
1

α
p2pww p′w (r ′w )2pw−1 ∥f ∥L1(Mrww)

≲
1

α
log([w ]A∞ + 1)[w ]A∞ [w ]A1∥f ∥L1(w).

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals January 6, 2022 17 / 35



Breaking of the Kernel

Let ϕ ∈ C∞
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ϕ = 1. Set

ϕj(x) = 2jdϕ(2jx). Define

K i
0 = K i ∗ ϕ−i ,

K i
n = K i ∗ ϕ∆2n−i for n ∈ N,

where ∆ ∈ N depends on the weight w and is to be chosen later.
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|
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i>k

K i ∗ g +
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∑
i>k

∑
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(K i
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Estimate for Hk,j , j = 2, 3

Expand (K i − K i
n) =

∞∑
m=n+1

(K i
m − K i

m−1), (K i
n − K i

0) =
n∑

m=1
(K i

m − K i
m−1).

We define T ∗
mf = sup

k

∣∣∣∑
i>k

(K i
m − K i

m−1) ∗ f
∣∣∣.

Sparse domination for T ∗
m: For 0 < ϵ < 1 and ∆ = [ϵ−1], we have

|⟨T ∗
mf , g⟩| ≲

2−c22m−1

ϵ

∑
Q∈S

|Q|⟨f ⟩1+ϵ,Q⟨g⟩1+ϵ,Q,

where S is a 1
2 -sparse family of cubes.

Fefferman-Stein inequality: Let 1 < r < p, (r − 1) = 2ϵ(pr − r + 1) and
∆ = [ϵ−1]. Then we have

∥T ∗
mg∥Lp(w) ≲ 2−c22m−1

p2(p′)
1
p (r ′)

1+ 1
p′ ∥g∥Lp(Mrw).

Choose pw = 1 + 1
log([w ]A∞+1) , rw = 1 + 1

cd [w ]A∞
and ∆ = [ϵ−1

w ].
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mf = sup

k

∣∣∣∑
i>k

(K i
m − K i

m−1) ∗ f
∣∣∣.

Sparse domination for T ∗
m: For 0 < ϵ < 1 and ∆ = [ϵ−1], we have

|⟨T ∗
mf , g⟩| ≲

2−c22m−1

ϵ

∑
Q∈S

|Q|⟨f ⟩1+ϵ,Q⟨g⟩1+ϵ,Q,

where S is a 1
2 -sparse family of cubes.

Fefferman-Stein inequality: Let 1 < r < p, (r − 1) = 2ϵ(pr − r + 1) and
∆ = [ϵ−1]. Then we have

∥T ∗
mg∥Lp(w) ≲ 2−c22m−1

p2(p′)
1
p (r ′)

1+ 1
p′ ∥g∥Lp(Mrw).

Choose pw = 1 + 1
log([w ]A∞+1)

, rw = 1 + 1
cd [w ]A∞

and ∆ = [ϵ−1
w ].
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Breaking of the Kernel

Let ϕ ∈ C∞
c (Rd) with supp(ϕ) ⊂ B(0, 12) satisfying

∫
ϕ = 1. Set

ϕj(x) = 2jdϕ(2jx). Define

K i
0 = K i ∗ ϕ−i ,

K i
n = K i ∗ ϕ∆2n−i for n ∈ N,

where ∆ ∈ N depends on the weight w and is to be chosen later.
Need to estimate the level set {x ∈ E c : sup

k∈Z
|
∑
i>k

K i ∗ f | > α}. We write

∑
i>k

K i ∗ f =
∑
i>k

K i ∗ g +
∑
i>k

∑
n≥1

(K i − K i
n) ∗ f n +

∑
i>k

∑
n≥1

(K i
n − K i

0) ∗ gn

+
∑
i>k

∑
n≥1

K i
0 ∗ f n +

∑
i>k

∑
n≥1

(K i
n − K i

0) ∗ bn

=Hk,1 + Hk,2 + Hk,3 + Hk,CZ + Hk,b.
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Estimate for Hk,b

It remains to estimate w
{
x ∈ E c : sup

k

∣∣∣∑
i>k

∑
n≥1

(K i
n − K i

0) ∗ bn
∣∣∣ > α

5

}
.

We collect cubes of same scales, namely bn =
∑
s∈Z

Bn
s ., where

Bn
s =

∑
Q∈F :l(Q)=2s

bn
Q
.

Since supp(K i
n) ⊂ {2i−2 ≤ |x | ≤ 2i+2},∀n ≥ 0, we have∑
i>k

∑
n∈N

∑
s<3

(K i
n − K i

0) ∗ Bn
i−s(x) = 0, for x ∈ E c .

To estimate: w
{
x ∈ E c : sup

k

∣∣∣∑
i>k

∞∑
n=1

∞∑
s=3

(K i
n − K i

0) ∗ Bn
i−s(x)

∣∣∣ > α
5

}
.
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Finitely many scales s

≲
1

α

∞∑
n=1

∑
i∈Z

Cnsw−1∑
s=3

∑
Q∈F :l(Q)=2i−s

∫ ∫
|(K i

n − K i
0)(x − y)||bn

Q
(y)|w(x)

≲
1

α

∞∑
n=1

∑
i∈Z

Cnsw−1∑
s=3

∑
Q∈F :l(Q)=2i−s

∫
|bn

Q
(y)| 1

2id

∫
|x−y |≤2i+2

w(x)dx dy
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Finitely many scales s

≲
1

α

∞∑
n=1

∑
i∈Z
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∑
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|(K i
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Q
(y)|w(x)

≲
1

α
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n=1

∑
i∈Z

Cnsw−1∑
s=3

∑
Q∈F :l(Q)=2i−s

∫
|bn

Q
(y)| 1

2id
inf
z∈Q

∫
|x−z|≲2i

w(x)dx dy
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Finitely many scales s

≲
1

α

∞∑
n=1

∑
i∈Z

Cnsw−1∑
s=3

∑
Q∈F :l(Q)=2i−s

∫ ∫
|(K i

n − K i
0)(x − y)||bn

Q
(y)|w(x)

≲
1

α

∞∑
n=1

∑
i∈Z

Cnsw−1∑
s=3

∑
Q∈F :l(Q)=2i−s

∥bn
Q
∥L1 inf

Q
Mw
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Q
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Finitely many scales s
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α
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Cnsw−1∑
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Q∈F :l(Q)=2i−s

∥bn
Q
∥L1 inf

Q
Mw

≲
sw
α

∞∑
n=1

n
∑
Q∈F

∥f n
Q
∥L1 inf

Q
Mw

≲
sw
α

∑
Q∈F

∫
|f

Q
(x)| log log

(
e2 +

|f
Q

(x)|
α

)
Mw(x) dx
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∫
|f

Q
(x)| log log

(
e2 +

|f
Q

(x)|
α

)
Mw(x) dx

≲
1

α
[w ]A1 [w ]A∞ log([w ]A∞ + 1)

∫
|f (x)| log log

(
e2 +

|f (x)|
α

)
w(x)dx ,

where sw = [w ]A∞ log([w ]A∞ + 1).
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Main Estimate

w
{

sup
k

∣∣∣∑
i>k

∞∑
n=1

∞∑
s=Cnsw

(K i
n − K i

0) ∗ Bn
i−s

∣∣∣ > α
10

}
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Main Estimate

w
{ ∞∑
s=Csw

s/Csw∑
n=1

sup
k

∣∣∣∑
i>k

(K i
n − K i

0) ∗ Bn
i−s

∣∣∣ > α
∞∑

s=Cnsw

λs

}

≤
∞∑

s=Csw

w(E s
λs

),

where λs =
cδ(1 − r−1

w )

10
2−δ(s−Csw )(1−r−1

w )/3

and E s
λ =

{s/Csw∑
n=1

sup
k

∣∣∣∑
i>k

(K i
n − K i

0) ∗ Bn
i−s

∣∣∣ > λα
}
.

Lemma:

For 0 < λ < 1, we have w(E s
λ) ≲ 1

αλ2 2−sδ(1−r−1
w )∥f ∥L1(Mrww).

∞∑
s=Csw

w(E s
λs

) ≲
2−swCδ(1−r−1

w )

α(1 − r−1
w )3

∥f ∥L1(Mrww)

≲
1

α
[w ]3A∞2−Cδ log[w ]A∞∥f ∥L1(Mrww) ≲

1

α
[w ]A1∥f ∥L1(w).
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) ≲
2−swCδ(1−r−1

w )

α(1 − r−1
w )3

∥f ∥L1(Mrww)

≲
1

α
[w ]3A∞2−Cδ log[w ]A∞∥f ∥L1(Mrww) ≲

1

α
[w ]A1∥f ∥L1(w).
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Cotlar’s inequality
To show: w(E s

λ) ≲ 1
αλ2 2−sδ(1−r−1

w )∥f ∥L1(Mrww).

Proof:

w(E s
λ) ≲ λ−2

∑
Q∈F

|Q| inf
Q

Mw , |E s
λ| ≲ λ−22−δs

∑
Q∈F

|Q|.

Expand (K i
n − K i

0) =
n∑

m=1
(K i

m − K i
m−1) :=

n∑
m=1

H i
m.

Cotlar type inequality:

∃ non-negative functions {vi}i∈Z with sup
i∈Z

∥vi∥1 ≲ 1 such that,

sup
k∈Z

∣∣∣∑
i>k

H i
m ∗ Bn

i−s

∣∣∣ ≲ ∆s2n+2−1∑
r=0

M
( ∑
i≡r(mod ∆s2n+2)

H i
m ∗ Bn

i−s

)
+∆s2n2−δ2s

∑
i∈Z

∑
Q∈F :l(Q)=2i−s

vi ∗ |bnQ |.
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Seeger’s Decomposition
1 supp (H i

m) ⊂ {2i−2 ≤ |x | ≤ 2i+2},

2 For each N ∈ N,

sup
0≤l≤N

sup
i∈Z

rd+l
∣∣∣ ∂ l

∂r l
H i
m(rθ)

∣∣∣ ≲ MN , uniformly in θ ∈ Sd−1 and r ∈ R+.

We further break H i
m as in Seeger (J.AMS, 1996),

H i
m = Γi

m,s + (H i
m − Γi

m,s).

Lemma (Seeger (J.AMS, 1996))

For any index set I ⊂ Z, we have∥∥∥∑
i∈I

Γi
m,s ∗ Bn

i−s

∥∥∥2
2

≲ 2−δsα
(∑
Q∈F

∥bn
Q
∥1
)
,

∥(H i
m − Γi

m,s) ∗ bn
Q
∥1 ≲ 2−δsα∥bn

Q
∥1.

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals January 6, 2022 32 / 35



Seeger’s Decomposition
1 supp (H i

m) ⊂ {2i−2 ≤ |x | ≤ 2i+2},
2 For each N ∈ N,

sup
0≤l≤N

sup
i∈Z

rd+l
∣∣∣ ∂ l

∂r l
H i
m(rθ)

∣∣∣ ≲ MN , uniformly in θ ∈ Sd−1 and r ∈ R+.

We further break H i
m as in Seeger (J.AMS, 1996),

H i
m = Γi

m,s + (H i
m − Γi

m,s).

Lemma (Seeger (J.AMS, 1996))

For any index set I ⊂ Z, we have∥∥∥∑
i∈I

Γi
m,s ∗ Bn

i−s

∥∥∥2
2

≲ 2−δsα
(∑
Q∈F

∥bn
Q
∥1
)
,

∥(H i
m − Γi

m,s) ∗ bn
Q
∥1 ≲ 2−δsα∥bn

Q
∥1.

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals January 6, 2022 32 / 35



Seeger’s Decomposition
1 supp (H i

m) ⊂ {2i−2 ≤ |x | ≤ 2i+2},
2 For each N ∈ N,

sup
0≤l≤N

sup
i∈Z

rd+l
∣∣∣ ∂ l

∂r l
H i
m(rθ)

∣∣∣ ≲ MN , uniformly in θ ∈ Sd−1 and r ∈ R+.

We further break H i
m as in Seeger (J.AMS, 1996),

H i
m = Γi

m,s + (H i
m − Γi

m,s).

Lemma (Seeger (J.AMS, 1996))

For any index set I ⊂ Z, we have∥∥∥∑
i∈I

Γi
m,s ∗ Bn

i−s

∥∥∥2
2

≲ 2−δsα
(∑
Q∈F

∥bn
Q
∥1
)
,

∥(H i
m − Γi

m,s) ∗ bn
Q
∥1 ≲ 2−δsα∥bn

Q
∥1.

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals January 6, 2022 32 / 35



Seeger’s Decomposition
1 supp (H i

m) ⊂ {2i−2 ≤ |x | ≤ 2i+2},
2 For each N ∈ N,

sup
0≤l≤N

sup
i∈Z

rd+l
∣∣∣ ∂ l

∂r l
H i
m(rθ)

∣∣∣ ≲ MN , uniformly in θ ∈ Sd−1 and r ∈ R+.

We further break H i
m as in Seeger (J.AMS, 1996),

H i
m = Γi

m,s + (H i
m − Γi

m,s).

Lemma (Seeger (J.AMS, 1996))

For any index set I ⊂ Z, we have∥∥∥∑
i∈I

Γi
m,s ∗ Bn

i−s

∥∥∥2
2

≲ 2−δsα
(∑
Q∈F

∥bn
Q
∥1
)
,

∥(H i
m − Γi

m,s) ∗ bn
Q
∥1 ≲ 2−δsα∥bn

Q
∥1.

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals January 6, 2022 32 / 35



Seeger’s Decomposition
1 supp (H i

m) ⊂ {2i−2 ≤ |x | ≤ 2i+2},
2 For each N ∈ N,

sup
0≤l≤N

sup
i∈Z

rd+l
∣∣∣ ∂ l

∂r l
H i
m(rθ)

∣∣∣ ≲ MN , uniformly in θ ∈ Sd−1 and r ∈ R+.

We further break H i
m as in Seeger (J.AMS, 1996),

H i
m = Γi

m,s + (H i
m − Γi

m,s).

Lemma (Seeger (J.AMS, 1996))

For any index set I ⊂ Z, we have∥∥∥∑
i∈I

Γi
m,s ∗ Bn

i−s

∥∥∥2
2

≲ 2−δsα
(∑
Q∈F

∥bn
Q
∥1
)
,

∥(H i
m − Γi

m,s) ∗ bn
Q
∥1 ≲ 2−δsα∥bn

Q
∥1.

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals January 6, 2022 32 / 35



Conclusion

|E s
λ| ≲

∣∣∣{s/Csw∑
n=1

n∑
m=1

∆s2n2−δ2s
∑
i∈Z

∑
Q∈F :l(Q)=2i−s

vi ∗ |bnQ | >
λα

3

}∣∣∣
+
∣∣∣{s/Csw∑

n=1

n∑
m=1

∆s2n+2−1∑
r=0

M
( ∑
i≡r(mod ∆s2n+2)

(Γi
m,s − H i

m) ∗ Bn
i−s

)
>

λα

3

}∣∣∣
+
∣∣∣{s/Csw∑

n=1

n∑
m=1

∆s2n+2−1∑
r=0

M
( ∑
i≡r(mod ∆s2n+2)

Γi
m,s ∗ Bn

i−s

)
>

λα

3

}∣∣∣.
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