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Introduction and Motivation

Introduction and Motivation

Definition 1.1 (Muckenhoupt A2 condition)

A non-negative integrable function w on T is said to satisfy the
Muckenhoupt Ay condition if there exists a positive constant C'

satisfying

(i 04e) (i f ) < ©

for all intervals I C T.

(1)

49



Introduction and Motivation

We recall the following important unitary operators on L?(R),
which generate the system of translates, the Gabor system and the
wavelet system on the real line:
Let ¢ € L2(R).

e Translation operator: For s € R, Tsp(z) = ¢(z —s), z € R.

e Modulation operator: For s € R, Myp(1) = > % (z),
z € R.

e Dilation operator: For a € R*, Dyp(z) =
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Introduction and Motivation

Brief literature survey

o Nielsen and Siki¢! - the family {¢(- — k) : k € Z}, for
@ € L*(R) is a Schauder basis for its closed linear span (shift
invariant space generated by ¢) if and only if w, belongs to
the Muckenhoupt Az class, where w,(§) = 3 ez |5(€ + k)2,
§ER.

e Heil and Powell? - the Gabor system {M,, Ty, k, n € Z} is a
Schauder basis for L?(R) if and only if | Z,|> € A2(T x T),
where Z, denotes the Zak transform of ¢.

M. Nielsen and H. Siki¢. “Schauder bases of integer translates”. In: Appl.
Comput. Harmon. Anal. 23(2) (2007), pp. 259-262.

2C. Heil and A. M. Powell. “Gabor Schauder bases and the Balian-Low
theorem”. In: J. Math. Phys. 47.11 (2006), p. 113506.



Introduction and Motivation

Brief literature survey

e Nielsen3 - considered the finitely generated shift invariant

space V(®) C L?(R%), ® = {1, -+ ,pn} and characterized
the system of translates generated by ® as a Schauder basis in

terms of the Ay condition.
e In fact,a product Muckenhoupt A5 condition for matrix

weights is used.
o The weight W (®) : T* — CM*¥ defined by

N
W(®) = ( > @il — k)@(—k)) , which is the Gram

kezZn ii=1
matrix for ® is considered.

3M. Nielsen. “On stability of finitely generated shift-invariant systems”. In:

J. Fourier Anal. Appl. 16.6 (2010), pp. 901-920.
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Introduction and Motivation

Aim of the talk

Here, we shall look into a similar problem of characterizing the
wavelet system on the Heisenberg group, arising due to the
integer left translations and the nonisotropic dilations, to be a
Schauder basis for its closed linear span in terms of the
Muckenhoupt As condition.



Introduction and Motivation

Some works on Heisenberg group

e Barbieri et al* - shift invariant space on polarized Heisenberg
group

e Radha and Saswata® - shift invariant space with countably
many mutually orthogonal generators on the Heisenberg group

e Das and Radha® - shift invariant space with countably many
generators

*D. Barbieri, E. Hernandez, and A. Mayeli. “Bracket map for the
Heisenberg group and the characterization of cyclic subspaces”. In: Appl.
Comput. Harmon. Anal. 37(2) (2014), pp. 218-234.

°R. Radha and Saswata Adhikari. “Shift-invariant spaces with countably
many mutually orthogonal generators on the Heisenberg group”. In: Houston
J. Math. 46.2 (2020), pp. 435-463.

6S. R. Das and R. Radha. “Shift-invariant system on the Heisenberg
Group”. In: Adv. Oper. Theory 6.1 (2021), pp. 1-27.



Introduction and Motivation

Some works on Heisenberg group

@ Mayeli’ - the existence of a band-limited function ¢ € L?(H)
and a lattice I in H such that the discrete wavelet system
{Ly-i02-i0} jez~er forms a Parseval frame for L2(H).

o Arati and Radha® - orthonormality of the wavelet system on
Heisenberg group

e Radha and Sivananthan® - Shannon type sampling theorem
for the Heisenberg group

"A. Mayeli. “Shannon multiresolution analysis on the Heisenberg group”.
In: J. Math. Anal. Appl. 348(2) (2008), pp. 671 —684.

8S. Arati and R. Radha. “Orthonormality of wavelet system on the
Heisenberg group”. In: J. Math. Pures Appl. 131 (2019), pp. 171-192.

°R. Radha and S. Sivananthan. “Shannon type sampling theorems on the
Heisenberg group”. In: Fields Inst. Comm., Amer. Math. Soc. 52 (2007),
pp. 367-374.



Introduction and Motivation
Frames and Riesz bases

Let H # 0 be a separable Hilbert space.

Definition 1.2

A sequence {fi : k € N} in H is a frame for # if there exist
constants A, B > 0 such that

AlFIP < DO KF /)l < BIFIP, VfeH.

keN

The numbers A and B are called frame bounds. If the right hand
side inequality holds, then {f; : £ € N} is said to be a Bessel
sequence with bound B. A frame is called a Parseval frame if
A= B=1. Asequence {f;: k€ N} in H is said to be a frame
sequence if it is a frame for span{f; : k € N}.
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Introduction and Motivation

Frames and Riesz bases

Definition 1.3

A Riesz basis for H is a family of the form { Uey, : k € N}, where
{ex : k € N} is an orthonormal basis for H and U : H — H is a
bounded invertible operator. Alternatively, a sequence {f; : k € N}
is a Riesz basis for H if {f; : k € N} is complete in H, and there
exist constants A, B > 0 such that for every finite scalar sequence
{ck}, one has

A el <1 erfll> < BY fexl.
k k k

A sequence {f : k € N} in H is called a Riesz sequence if it is a
Riesz basis for span{f; : k € N}.

11/49



Introduction and Motivation

System of translates (Real line)

Theorem 1.4

Let p € L*(R) and wy(€) = Y ez 9§+ k)|?, € € R. For any
A, B > 0, the following statements® hold. The collection
{Tko}rez is
(i) an orthonormal sequence if and only if w,(§) =1 a.e.
§elo,1].
(i) a frame sequence with bounds A, B if and only if
A< wy,(§) <Bae £€[0,1]\ N, where
N ={ne€[0,1] : wy(n) = 0}.
(iii) a Riesz sequence with bounds A, B if and only if
A<w,(&) < Bae £€[0,1].

?0. Christensen. Frames and bases: An introductory course. Boston:
Birkhauser, 2008.
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Introduction and Motivation

System of translates (Heisenberg group)

The following results'® are on the system of translates
{L(Zk,l,m)go : (k7 la m) € Z2n+1} in LQ(HTL)

Theorem 1.5

If o € L>(H™), then {Lak 1,m) : (k,1,m) € Z*" "1} is an
orthonormal system in L?(H™) if and only if the following
conditions hold:

(i) Gio(A) =1ae Xe(0,1] and
(i) GZ,(A) =0 ae Xe(0,1], forall (k1) # (0,0) in Z°".

°Radha and Adhikari, “Shift-invariant spaces with countably many mutually

orthogonal generators on the Heisenberg group”.
13/49



Introduction and Motivation

System of translates (Heisenberg group)

Theorem 1.6

Let o € L*(H") satisfy condition (ii) in the above theorem. Then
{L(2k,l,m)90 : (k7 lv m) € Z2n+1} is
(i) a frame sequence with bounds A, B > 0 if and only if

A< GEo(A) < B ae AeQ,

where Q, = {n € (0,1] : G§y(n) > 0}.
(i) a Riesz sequence with bounds A, B > 0 if and only if

A< GEy(A) < B ae Ae(0,1],

14 /49



Heisenberg group

Heisenberg group

Definition and properties:

@ The Heisenberg group H" is a nilpotent Lie group whose
underlying manifold is R™ x R™ x R satisfying the group law

(z,y,t)(u,v,s) = (z+u,y+v,t+s+%(u'y—v~x)>.

@ It is a nonabelian noncompact locally compact group.
@ The Haar measure is the Lebesgue measure dzxdydt.

@ By Stone-von Neumann theorem, every infinite dimensional
irreducible unitary representation of the Heisenberg group is
unitarily equivalent to the representation my, A € R*, where
my is defined by

(2, 9, )p(§) = M ETNEE LT oy ) g € ARY).
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Heisenberg group

Group Fourier transform:

e For f € L*(H"), the group Fourier transform f is defined as
follows. For A € R*, f(\) is given by

f()\) :/ f(z, t)ma(z, t)dzdt.
CnxR
° f(A) is the bounded operator acting on L?(R") given by
N = / (2, t)Ta(2, t)pdzdt, ¢ € L*(R™),

where the integral is a Bochner integral taking values in the
Hilbert space L?(R™).
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Heisenberg group

Convolution:
o If f and g are in L*(H"), then their convolution is defined by

frglzt) = /f((z,t)(w,s)_l)g(w,s)dwds.
CnxR

@ Under this convolution, L'(H") becomes a noncommutative
Banach algebra.

o (fx9)(N) =F(Ny(N), AeR~

17 /49



Heisenberg group

For f € L2(H"):
@ The definition of the group Fourier transform f can also be
extended to L?(H™) through the density argument.

o Further, the group Fourier transform satisfies the Plancherel
formula
/1 z2®* Bosapy = If | 2wy
where, L2(R*, Bs; dui) stands for the space of functions on R*
taking values in B, the class of Hilbert-Schmidt operators on

L2(R™), and square integrable with respect to the Plancherel
measure du(A) = |A|"dA.
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Heisenberg group

For a study on the Heisenberg group, we refer to the books by
Folland!! and Thangavelu!?.

11G. B. Folland. Harmonic analysis in phase space.

125 Thangavelu. Harmonic analysis on the Heisenberg group.
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Wavelet system as Schauder basis

Wavelet system on H"

For 1 € L?(H™), the left translation and the nonisotropic dilation
are defined as

Liww, (@, 9, 1) = (0, 0,8) (2,9, 1), (u,0,5) ER" xR x R
and d,1h(xz, y, t) = |a|" T (az, ay, a®t), a € R¥,
where (z,y,t) € H".
We consider the wavelet system generated by
o integer left translations Loy 1 m), (k, () € 72" m € 7

@ nonisotropic dyadic dilations dq5,j € Z,

and denote dy; L2y, 1,m)% by ¥ k,1,m for convenience.
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Wavelet system as Schauder basis

The following was defined by Radha and Saswata'3while studying
the system of translates on the Heisenberg group.

Definition 3.1

For ¢ € L*(H") and k, [ € Z", the function G;f,z is defined as
GLiA) = D (PO + 1), Lk + m)s A+ 7], A € (0, 1],

rEZL

13Radha and Adhikari, “Shift-invariant spaces with countably many mutually
orthogonal generators on the Heisenberg group”.
21/49



Wavelet system as Schauder basis

We define the function H} , for 1 € L2(H"), j € Z, k,l € Z" as

HY (0 = S @@ (A1), (82 Liagop ) (2% (A1) 5, 2% (M),
reZ

where X € (0, 1].
Theorem 3.2 (Main result)

Let ¢ € L?(H") satisfy
(i) Gy (\)=0ae A€ (0,1], forall (k,1) € Z**\ {(0,0)} and
(i) HY, (\) =0a.e A€ (0,1], for all j >0 in Z and
(k,1) € 7%,
where G,C ; is as in Definition 3.1. Then, the wavelet system

{Vjhim: kK 1EL", j,me Z} is a Schauder basis for its closed
linear span if and only if GO,O € As.




Wavelet system as Schauder basis

Notation:

@ o(T) - space of trigonometric polynomials on T

o coo(Z*"*1 o(T)) - space of sequences consisting of only
finitely many non-zero terms and each non-zero term is in
o(T)

o L*(T,%(z*"+1); ngo) - space of 1-periodic functions on T
taking values in [2(Z?"*1) and square integrable with respect
to Ggfo

o A(Y) - span{yj j1m : k, L €Z", j,m € Z}

© W(¥) - span{¢j kim : k.l € Z",j,m € L}

The proof of the main result makes use of an isometric
isomorphism between W(¢)) and L?(T, [2(Z?"1); Géb,o)-

23 /49



Wavelet system as Schauder basis

Theorem 3.3

Let ¢p € L?(H") satisfy (i) and (i) in Theorem 3.2. For f € A(1))
given by f = > ¢j k.1,m¥jk,1,m, the sequence R defined by

R(A) = {Rj k(M) } kpyezxznxzn, with

Rj,k,l()\) = Zm Cj7k7l,m€2mm>‘, AET isin CO()(ZQ”'H, U(T)) Then
the map f — R defined initially between A(v)) and

coo(Z2*"+1, o(T)) can be extended to an isometric isomorphism of
W() onto L*(T, 2(Z2™+1); Ggy).
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Wavelet system as Schauder basis

@ Notation used in the proof of the main result:

o « - the triplet of indices (j, k,1) € Z x Z™ x Z™
o A-(J,K,L)eN?
e (2 - the rectangle
{Goks D) € Z X Z0 x Z7 s | < J, K| < K, |I| < L}

@ We assume that Z is ordered as {0,1,—1,2,—-2,...}.

25 /49



Wavelet system as Schauder basis
Outline of the proof

For a € Z?"t1 m € 7, define
RY™(A) = {(RY"™)ar (N }arezznta,

2mwimA !
with (R*"™) o (A) = ‘ @ , where A € T.
0 ol # a

Then, it can be shown that {t)s 1 : @ € Z*>"1 m € Z} is a
Schauder basis for W(1) if and only if {R*™ : a € Z?"*1 m € Z}
is a Schauder basis for L?(T, I?(Z?"+1); ngo), by the isometric
isomorphism between these spaces.
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Wavelet system as Schauder basis

Assume that {R*™ : o € Z*"*! m € Z} is a Schauder basis for
the space L?(T, I2(Z?"+1); Géb,o)-

Let x € L*(T, 1?(Z*"+1); Ggfo). Then there exists a unique
{Caym(fﬂ)}a€22n+l7mez such that z = me Ca,m(z)R*™. By the
Riesz representation theorem, for each («, m) € Z*" ™! x Z, there
exists SU™ € L2(T, I2(Z*"+1); ngo) such that

Com(z) = (x, 8%™), for every x € L*(T, I?(Z*"1); ngo).

! / .
Hence (R™™ Smm)L2(T7l2(2271+1);Ggo) = O/ Omam’» Which shows

that {S™ : a € Z*"*! m € Z} is a biorthogonal dual system.



Wavelet system as Schauder basis

The explicit form of S“™ can be determined and shown to be

1Z)l 2mimA\ ’ al —
(S%™) (X)) = { Goo) ae AeT.
0 , o #a«
Moreover,
IS e ey = [ 15 O znin) GEa )N
_ /1 1
Jo | GE(N)|

which shows that —— € L'(T).

0,0
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Wavelet system as Schauder basis

We now make use of the result

“A complete sequence {z, : n € N} with dual sequence

{yn : n € N} is a Schauder basis for a Hilbert space H if and only
if the partial sum operators Sy (z) = S22, (z, yn )z, are uniformly
bounded on H."

So, if we define the partial sum operators TA,M on
L2(T, 2(Z*"*1); Giy) for A € N3, M € N by

TA,M($) = Z (z, Sa,m>L2(’H‘,l2(ZQ"+1);Gg)0)Ra,m’
e ’
|m|<M

for z € L2(T, 2(Z*"+1); GYy), then  sup || Ty ul| < oo.
’ (A, M)eN4

29 /49



Wavelet system as Schauder basis

We also consider the symmetric Fourier partial sum operators
Ta.n on L*(T, (22", G&O) given by

TA,M(fE) = Z <I, Ra’m>Lz(Tle(Zzn-H))Ra’m, (2)
iz

for z € L*(T, 2(Z*"1); G(l)ﬂ,o)'

But, we can prove that
(@ 5% iy, = (& B e @)

So, Tar = Tar and hence A:=  sup | Ty .yl < oo.
(A,M)eN4

30/49



Wavelet system as Schauder basis

For x € L?(T, I(Z*"1); G&O) and A € T, the terms of the
sequence (T p2)(A) can be explicitly computed as

I3 2 (N)Dar(A = N)dN o € Q
0 , otherwise ’

(TA7Mx)o/ (A) = {

where D,y is the Dirichlet kernel given by
M .
DM(.I‘) — Z 627rzmz'
m=—M

Also, we can choose N € N, such that for any M € N,

Dy(A) > 2| Dutlloe = 22EL whenever A < ;.

31/49



Wavelet system as Schauder basis

Now, let I C T and |I| > 5%. Then

(i cioonn) (i f o)

< 2Nl Z2 e

1
(A
G001 1

Let Cp := (2N)? Hz/)HLg(Hn | gb0||L1(ﬂ-). Then 0 < €] < 00 and (1)
holds with C' = Cj. ’

Let ICTand |]\ < ﬁ Choose M € N such that
v < M| < sar

32/49



Wavelet system as Schauder basis

Define x € L?(T, I2(z*"+1); ngo) by

2(0) = Lo (N vz, with 2 (3) = {f () . a'=0

0 , otherwise ’

where f € L*(T; ngo),f >0onIandf=0onT\I. Then for
anyAeNS,

H TA,M-%HLQ(T’lz(ZQnH);GS’zO) < A”x”L2(T7l2(ZQTL+1);G(’({O).

Consequently, we can prove that

J

[ 100D x0ax] Gaan < 42 [ TP Egar
®

33/49



Wavelet system as Schauder basis

For A\, X € I, we have A — X| < k- and so Dy (A — \) >
$(2M +1) > . Hence

J

/f()\’)DM(/\ —\)dN i GGlo(N)dA
I

> o (o) [ataman @

From (3) and (4), we have

2
e (LF0aY) [ Goman < 47 [P egoan
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Wavelet system as Schauder basis

Let f = G"’ onIand f=0o0nT\I. Then clearly
f € LT, Ggﬁo). Also,

2
; 1 : (1
(NP </f Gio(N) dA) (f ctunar) <4 (/f G0N dA) |

In other words,

R B 1 [ oy
(m /] Ggﬁoo\) d)\) <|I|/IGO,O(>\>d/\) < A°(AN)“.

Thus, (1) holds with C' = max{C}, A%2(4N)?} >0 forall I C T,
thereby proving that G&O € As.
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Wavelet system as Schauder basis

Conversely, suppose ngo € Ay. By using the isometric
isomorphism between the spaces W(z) and L?(T, I?(Z*"+1); G[’fo),
we need only show that {R¥™ : o € Z*"*! m € Z} is a Schauder
basis for L(T, 2(Z*"+1); G).

As Goo € Az, we have G"’ € L'(T) and so ngo()\) >0 a.e.
0,0
AeT.

For (a, m) € Z*"1 x Z, if we define
Sem e L3(T, P(Z*™); Ggy) by
1 2mimA /
NG , o =«
(5™ ™)ar(A) = § Gl ae €T,
0 , o #a«

then {S*™ : o € Z*>"*1 m € Z} is a biorthogonal dual to
{R¥™ : o € Z?" 'm € Z}.
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Wavelet system as Schauder basis

Next, we shall show that the operators Ty s on
L2(T, 12(Z2"+1); ngo) defined in (2) are uniformly bounded.

For x € L*(T, I>(Z*"1); G&O) and A € T, we shall write

(Ta,mz)(N) = Z ( Z (m, Ravm>L2(T’12(Z%H))ezm'm,\> 7?,

a€f) \|m|<M

1, d =
where u% = {(u) o }orezznt and (u®)y = @ a. .
0 , otherwise

Then, it can be further simplified as
! 3
(Taan)) = X ([ s0)Du = 0ax ) at, (s)
ach V0

where D), is the Dirichlet kernel.

37/49



Wavelet system as Schauder basis

In order to find || T p||, we also consider the modified partial
sum operator T ,, on L*(T, [2(Z*"1); foo) defined as follows.
For x € L(T, 2(Z*"*); Gi),

a€Q) \|m|<M-1

T/’{,M(m) = Z ( Z (x, Ra’m>L2(T’l2(Zzn+1))Ra’m

_|_

N |

Z <IL’, Ra’m>L2(T7lz(Zzn-u))Ra’m) .
|m|=M

Computing as earlier, we get for A € T,
1
(Tian)) = X ([ w0030 = ax ), (6)
acef) 0
where D7, is the modified Dirichlet kernell given by

in 2w M.
D3;(x) = Dy(x) — cos 2 Mz = il (7)

tanmzr

A, Zygmund. Trigonometric series, 3rd edition.
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Wavelet system as Schauder basis

Defining the sequences pis(A), qar(A), Par(A) and gar(N)13, for
MeNand A€ T, as

pu(AN) = {(pm)a(N)}aezentr, where (par)a(X) = za(A) cos 2 MA,
(/\) = {(am)a(N)}aezent1, where (qur)a(A) = za(A)sin 2r M A,
P (A) = {(Par)a(A) taezznt1, where (Dar)q is the

)
conjugate function of (pys)a given by

(ru)a) = - [ P02CED

and gy () = {(Gn)a(A) faezznt1, where (Gur)q is the
conjugate function of (gus)a given as above,

tanmt

(Th a)(A) =D ((Par)a(N) sin 2r MA — (Gar)a(X) cos 27rM)\)u®.
a€cl)
(8)

39 /49
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For x € L(T, I?(Z*"1); ngo), using (5-8), we have

H TA:Mx||L2(T,ZQ(Z2"+1);G’$0)
1
! 2
< (/0 | TA,Mx()‘) - TX,M:E()‘)H%Q(Z?TM%)ngo()\)d)\>

1
1 2
(1T ar O sy Go A
1 1 2 %
< / Z(/ |xa()\’)|d)\’> GLo(N)dA
JO qen O ’

(/ S ((Pa)aN) + (@ )(A)\)QGéfo(A)d/\)

< VClall + Bl + llanll-

NI

using Cauchy-Schwarz inequality for the first term.
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Wavelet system as Schauder basis

Using Theorem1!® there exists C’ > 0 independent of M, o and z
such that

/ [(Ba)aWP Gop(\)dA < C’/Ol |(Pa)a (V)2 GG lo(X) dA.

Then, we get

15261205 p ey < € 2 / [(par)a (V> G () dA

anQn+1
< C/HxHLQ T,12(Z2n+1); Gw )
Similarly,

H(N]MHiz(mz(Zznﬂ);Gw < CleH[g T,12(Z2n+1); Gw )

18R. Hunt, B. Muckenhoupt, and R. Wheeden. “Weighted norm inequalities
for the conjugate function and Hilbert transform”. In: Trans. Math. Soc. 176

(1973), pp. 227-251.
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Wavelet system as Schauder basis

Thus,

I Tam2]| 2 2z, [GYo) < (VC+2v Nzl L2 2 z2n), Goo)

As C and (' are independent of z, A and M, we obtain

sup (| Ta |l < VO +2VC" < 0.

(A,M)eN*

As Tar = Tay, we get  sup || Ta | < oo
(A, M)eN?

42 /49



Wavelet system as Schauder basis

Let R belong to the space L?(T, I?(Z*"*1); ngo)

= span{R*""™ : o/ € 72", m' € Z}. By the uniform
boundedness of the operators T}y s and the biorthogonality
between {RY"™} and {S*™}, we get

R = lim R, S*™ R>™
A,M =00 QGZQ (R, >L2(T,l2(Z2”“);GZﬁO) ’

|m|<M
where the limit is in L?(T, [?(Z*"+1); ngo).
The uniqueness of the coefficients, {(R, S‘“”>L2(T 2(z20+1, GV )}
) 100

follows again from the biorthogonality between {Ra/’m’} and

{5om}.

Thus, {R*™ : o € Z?"1 m € Z} is a Schauder basis for
L2(T, I2(Z*"+1); foo), thereby proving our assertion.
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Wavelet system as Schauder basis

Example 3.4

Let ¥ (z, y, t) = ¥1(x)2(y)13(t), where z/ﬁ\l and 1) are the Haar
functions, ng . on [0, 1], given by

1, 0<z<i,
X[Ié,l](x) -1, 3<z<1,
0, otherwise,

and 13 = 2X[_1,—1ju[d,1- Then ¥ € L?(H) satisfies the conditions
b 2 27
in the hypothesis of the main result.
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Wavelet system as Schauder basis

The talk is based on the following research paper:

S. Arati and R. Radha, Wavelet system and Muckenhoupt A>
condition on the Heisenberg group. Colloquium Mathematicum,
Vol 158, No 1, pp 59-76, DOI: 10.4064/cm7467-9-2018 (2019).
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