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@ By a measure 1 we will always mean a complex or a signed Borel
measure such that |u|(K) < oo for all compact sets K.
o If u(E) > 0, for all measurable sets E then p will be called a
positive measure.
Our motivation is a classical theorem of Fatou regarding boundary

behavior of Poisson integrals of measures defined in the unit disc of

C.
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@ By a measure 1 we will always mean a complex or a signed Borel

measure such that |u|(K) < oo for all compact sets K.

o If u(E) > 0, for all measurable sets E then p will be called a

positive measure.

Our motivation is a classical theorem of Fatou regarding boundary
behavior of Poisson integrals of measures defined in the unit disc of

C. However, we prefer to present the results for the upper half space:
R = {(x,y)Ix €R", y > 0}.

Fatou proved his result for n = 1.
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Poisson kernel

The Poisson kernel of Rt

Y

P(x,y)=y "P(x/y,1) = c,
(x.y) =y "P(x/y.1) “ Ot X

(x,y) € R

n+l
2
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Poisson kernel

The Poisson kernel of Rt

] _ Yy n+1
P(x,y) =y "P(x/y,1) = c, 07 ||x||2)%1’ (x,y) € RT™.

The Poisson integral P[u] of pu:

Plul(x.y) = / P(x — £.y) du(€),

n

whenever the integral above converges absolutely for (x,y) € R
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Fatou's theorem

Theorem (Fatou, 1906)

Suppose that y is a measure on R with distribution function F. If
F'(x0) = L, then P[u] has nontangential limit L at xy, that is,

i el ) = L
(X7y)_}(X0 70) [M]( y)
llx—xoll<ay

for all o > 0.
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Result of Loomis

@ As shown by Loomis [Loo43], converse of the theorem above

fails in general but it holds true if /1 is positive.

<
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Result of Loomis

@ As shown by Loomis [Loo43], converse of the theorem above

fails in general but it holds true if /1 is positive.

@ If uis a positive harmonic function in Rfl, then 3 unique
C >0, i > 0 such that

u(x,y) = Cy + Plul(x,y), (x,y) € R,
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Result of Loomis

@ As shown by Loomis [Loo43], converse of the theorem above

fails in general but it holds true if /1 is positive.

@ If uis a positive harmonic function in Rfl, then 3 unique
C >0, i > 0 such that

u(x,y) = Cy + Plul(x,y), (x,y) € R,

Theorem (Loomis)
If u is a positive harmonic function in R2, then
lim  u(x,y)=1L, foralla >0 = F'(x) = L.

(x,¥)—(x0,0)
llx—xoll <y

v
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Result of Ramey-Ullrich

@ Higher dimensional interpretation of F’ is a issue here. Ramey
and Ullrich interpreted F’ as the strong derivative of /.

v
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Result of Ramey-Ullrich

@ Higher dimensional interpretation of F’ is a issue here. Ramey
and Ullrich interpreted F’ as the strong derivative of /.

@ The measure p on R" has strong derivative L € C, at xp € R”, if

jim 100+ B)

_1-D
i = (rB) (o),

holds for every open ball B, where rB = {rx | x € B}, r > 0.
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Result of Ramey-Ullrich

@ Higher dimensional interpretation of F’ is a issue here. Ramey
and Ullrich interpreted F’ as the strong derivative of .

@ The measure p on R" has strong derivative L € C, at xp € R”, if
(x0 + rB)

lim &
m

_1-D
i = (rB) (o),

holds for every open ball B, where rB = {rx | x € B}, r > 0.

Theorem (Ramey-Ullrich[RU88])

Suppose that u is positive and harmonic in Rﬂfl with boundary
measure (. Then

lim(x,y)—(0,0) U(X,¥) = L, foralla >0 <= Dpu(x) = L.
[Ix—xo| <y

v
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: : n+1
Heat equation in R}

@ The heat equation in Rt
Au(x,t) = Zu(x,t), (x,t) e RT™

Jayanta SarkarlS| Kolkata



Heat equation in R”*?

@ The heat equation in Rt
Au(x,t) = Zu(x,t), (x,t) € RT™.

@ The heat kernel (aka the Gauss-Weierstrass kernel):
n I

W(x,t) = w(x) = (4nt)"2e” s, (x,t) € R, where
w(x) = W(x,1).
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Heat equation in R”*?

e The heat equation in R}
Au(x,t) = Zu(x,t), (x,t) € R™
@ The heat kernel (aka the Gauss-Weierstrass kernel):

><2
W(x, t) = wyi(x) = (4nt) 35, (x,t) € R where

w(x) = W(x,1).
@ The Gauss-Weierstrass integral of a measure 1 on R™
W[lu](x’ t) ox W\f fRn -y, t) dlu(y)'

whenever the integral exists.
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Heat equation in R”*?

e The heat equation in R}
Au(x,t) = Zu(x,t), (x,t) € R™

@ The heat kerneI (aka the Gauss-Weierstrass kernel):
W(x, t) = ws(x) = (drt)Fe~", (x,t) € RTL, where
w(x) = W(x,1).

@ The Gauss-Weierstrass integral of a measure p on R":

Wl(x, t) = p* wz(x) = [ W(x =y, t) du(y),
whenever the integral exists.

o If W[|u|]l(x0, to) < oo, then W[u](x, t) exists in the strip
R"” x (0, tp) and solves the heat equation there.
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Result of Gehring

o As W(x,t) = w,(x), it is natural to investigate the boundary
behavior of solutions of the heat equation in the parabolic region:
P(xo, @) = {(x,t) € RT™ | |x — x0||? < at}.
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Result of Gehring

o As W(x,t) = w,(x), it is natural to investigate the boundary
behavior of solutions of the heat equation in the parabolic region:
P(xo, @) = {(x,t) € RT™ | |x — x0||? < at}.

Theorem (Gehring[Geh60], 1960)

Suppose 1 is a measure on R with distribution function F such that
W {u] is well-defined in R x (0, to).

i) If F'(x0) = L, then W|u] has parabolic limit L at xo, that is
lim () (x0,0) W] (x, t) = L, for allac > 0.

(x,t)EP(x0,x)

v

Jayanta SarkarlS| Kolkata 8 /26



Result of Gehring

o As W(x,t) = w,(x), it is natural to investigate the boundary
behavior of solutions of the heat equation in the parabolic region:
P(xo, @) = {(x,t) € RT™ | |x — x0||? < at}.

Theorem (Gehring[Geh60], 1960)

Suppose 1 is a measure on R with distribution function F such that
W {u] is well-defined in R x (0, to).
i) If F'(x0) = L, then W|u] has parabolic limit L at xo, that is
lim () (x0,0) W] (x, t) = L, for allac > 0.

(x,t)€P(x0,cx)
ii) Further assume that 1. is positive. If W[u] has parabolic limit L

at xo, then F'(xp) = L.

v
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Parabolic convergence of solution of the heat

equation in R

e If uis a positive solution then u = W[u], for some 11 > 0 on R".
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equation in R/

e If uis a positive solution then u = W[u], for some 11 > 0 on R".

Theorem
Suppose 11 is as above. Then u has parabolic limit L at xy, that is
lim (x5 (x0,0) U(x, t) = L, for alla > 0, if and only if Dju(xp) = L.
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Parabolic convergence of solution of the heat

equation in R/

e If uis a positive solution then u = W[u], for some 11 > 0 on R".

Theorem
Suppose 11 is as above. Then u has parabolic limit L at xy, that is

lim (x5 (x0,0) U(x, t) = L, for alla > 0, if and only if Dju(xp) = L.

(x,t)EP(x0,0x)

e In fact, Brossard and Chevalier[BC90] proved the above theorem

for measures u satisfying
SUP(x.0)eB(0,1)x (0,6) (WIIK[](x, t) — [W[n](x, t)]) < o0
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Stratified Lie groups

A stratified Lie group (G, o) is a connected, simply connected
nilpotent Lie group whose Lie algebra g admits a vector space
decomposition g = V; & Vo & --- @ V), such that

[V17\/j]: \/j+17 1§J</7 [V17\//]:0

[Vi, V] = spang {[X,Y] | X € V},Y € V;}.
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Stratified Lie groups

A stratified Lie group (G, o) is a connected, simply connected
nilpotent Lie group whose Lie algebra g admits a vector space
decomposition g = V; & Vo & --- @ V), such that

[V17\/j]: \/j+17 1§J</7 [V17\//]:0

[Vi, V] = spang {[X,Y] | X € V},Y € V;}.
The Lie algebra g is eqquiped with a cannonical family of dilations
{0, | r e (0,50)}, which are Lie algebra automophisms defined by

/ /
5, (Z)@) => X, X eV
j=1

J=1
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Homogeneous norm

A stratified Lie group G always admits a homogeneous norm which is

a continuous function d : G — [0, 00), satisfying the following:
i) d is smooth on G\ {0};
i) d(0,(x)) = rd(x), forall re (0,00), x € G;
i) d(x71) =d(x), forall x € G;
) d(x) =0, if and only if x =0.

iv
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Homogeneous norm

A stratified Lie group G always admits a homogeneous norm which is

a continuous function d : G — [0, 00), satisfying the following:

i) d is smooth on G\ {0};

d(0,(x)) = rd(x), forall re (0,00), x € G;
d(x~ ) d(x), forall x € G;

d(x) =0, if and only if x =0.
d(

xoy) < C(d(x) +d(y)).
° Cildl(x) < dh(x) < Cdi(x).

i)
iii)
iv)
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Homogeneous norm

A stratified Lie group G always admits a homogeneous norm which is
a continuous function d : G — [0, 00), satisfying the following:
i) d is smooth on G\ {0};
d(0,(x)) = rd(x), forall re (0,00), x € G;
d(x~ ) d(x), forall x € G;
d(x) =0, if and only if x =0.
d(x0) < C(d(x) + d(y)).
° C*ldl( ) < da(x) < Cdi(x).
d-ball: By(x,s) ={x € G| d(xtox) < s}
Fact: m(By(x,s)) = s®m(B(0,1)), where Q@ = Zjl.zlj dim V.

i)
iii)
iv)
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Sub-Laplacian

We identify g as the Lie algebra of all left G-invariant vector fields on

G and fix a basis {X1, Xp, -+, X, } for V1, which generates g as a
Lie algebra. The second order differential operator £ — ZJ’.\QI XJ? is
called a sub-Laplacian on G.

Jayanta SarkarlS| Kolkata

12 /26



Sub-Laplacian

We identify g as the Lie algebra of all left G-invariant vector fields on
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Sub-Laplacian

We identify g as the Lie algebra of all left G-invariant vector fields on

G and fix a basis {X1, Xp, -+, X, } for V1, which generates g as a
Lie algebra. The second order differential operator £ — ZJ’.\QI Xf is
called a sub-Laplacian on G.

@ There exists a homogeneous norm d; on G such that d.(-)>~¢
is the fundamental solution of L.

o H=L—- % is the heat operator associated to the sub-Laplacian
L.

@ Since {Xi, X5, -+, Xn, } generates g as a Lie algebra,
Hormander's theorem = L and # are hypoelliptic.
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Heisenberg group

The simplest nontrivial example of a stratified Lie group is the
Heisenberg group H" = R?" ¢ R.
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0 0 0 0
= — 12y — Y = — _2xi— . 1< <n.
XI axj‘i_ _y_]asg j ayj X_[asa _J_n
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Heisenberg group

The simplest nontrivial example of a stratified Lie group is the
Heisenberg group H" = R?" ¢ R.
A basis for R?" is given by

0 0 0 0
= — 12y — Y = — _2xi— . 1< <n.
)(_/ axj‘i_ _y_]as; j ayj X_[asa _J_n

X, Yi}1<j<n generates the Lie algebra of H” as
o Tiri<i<

0

[X;, Vil = _4E7

1<j<n
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Heisenberg group

The simplest nontrivial example of a stratified Lie group is the
Heisenberg group H" = R?" ¢ R.
A basis for R?" is given by

B B B B
xi=2 4o, v 2 0 1<j<n
o T Vs T e, T Nas TSN

{X;, Y;}1<j<n generates the Lie algebra of H" as

0

[X;, Vil = _4£7

1<j<n

The sub-Laplacian 377 ; X? + Y7 also known as the Kohn Laplacian.
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Heat kernel on stratified Lie groups

The heat equation on G: Hu(x,t) =0, (x,t) € G x (0,00).
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Heat kernel on stratified Lie groups

The heat equation on G: Hu(x,t) =0, (x,t) € G x (0,00).
The fundamental solution (heat kernel) of H:
M(x,t;€) :=T(£ o x, t), where I is a smooth, strictly positive
function on G x (0, 00) satisfying the following properties:

(i) T(x,t) =T(x71¢t);

(i) T(6,(x),r’t) = r 9T (x, t);
(iii) [oT(x,t) dm(x) = 1;
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Heat kernel on stratified Lie groups

The heat equation on G: Hu(x,t) =0, (x,t) € G x (0,00).
The fundamental solution (heat kernel) of H:

M(x,t;€) :==T({ox,t), where I is a smooth, strictly positive
function on G x (0, 00) satisfying the following properties:

(i) T(x,t) =T(x71,¢t);

(i) T(0.(x), r’t) = r Ol (x, t);
(iii) [oT(x,t) dm(x) = 1;
)

(iv) [Bonfiglioli et al., 2002] Following Gaussian estimates hold.

2 2
co_lt_g exp (—%) <T(x,t) < ot 2 exp (—m) .

Cot
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Parabolic convergence and strong derivative

@ A function u defined on G x (0, ty), for some t, € (0, o0], is said
to have parabolic limit L € C, at xp € G, if for each a € (0, 00)

lim  u(x,t) =L,
t—0
(x,t)EP(x0,)

where P(xg, @) = {(x,t) € G x (0,00) | (dz(xg ' 0 x))? < at}.
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Parabolic convergence and strong derivative

@ A function u defined on G x (0, ty), for some t, € (0, o0], is said
to have parabolic limit L € C, at xp € G, if for each a € (0, 00)

lim  u(x,t) =L,
t—0
(x,t)EP(x0,)

where P(xg, @) = {(x,t) € G x (0,00) | (dz(xg ' 0 x))? < at}.
@ Given a measure 1 on G, we say that p has strong derivative
L eC, at xp € G, if

im0 ©0,(B))

"0 m(x 0 0,(B)) L

holds for every d.-ball B in G.
15 / 26



Main result

Lemma (Bonfiglioli-Uguzzoni[BUO05], 2005)

Let u > 0 be a solution of the heat equation in the strip G x (0, T).
Then there exists a unique positive measure 1w on G such that

u(x, t) =T[p](x, t) = [T ox, t) du(§), (x,t)e Gx(0,T).
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Main result

Lemma (Bonfiglioli-Uguzzoni[BUO5], 2005)
Let u > 0 be a solution of the heat equation in the strip G x (0, T).
Then there exists a unique positive measure 1w on G such that

u(x, t) =T[p](x, t) = [T ox, t) du(§), (x,t)e Gx(0,T).

Theorem (_,[Sar21a])

Suppose that u is as above, and that xo € G, L € [0,00). Then the
following statements are equivalent.

(i) u has parabolic limit L at xg.

(ii) p has strong derivative L at xp.
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Some auxilary results |

@ Suppose {; | j € N}, p1 are positive measures. If [p;] — T[]
normally, i.e, uniformly on every compact set in G x (0, 00), then

/fdm—)/fdu
G G

for all f € C.(G).
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Some auxilary results |

@ Suppose {; | j € N}, p are positive measures. If ['[y;] — Ty]
normally, i.e, uniformly on every compact set in G x (0, 00), then

/fd,uj —>/ fdu
G G
for all f € C.(G).

@ Suppose that L € [0,00), and that

/fduj—>/fdu,
G G

for all f € C.(G). Then o = Lm if and only if 1;(B) — Lm(B)
for every dp-ball B.
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Some auxilary results I

® M (11)(x0) = sup,~o 1(B(x0, 1))/ m(B(xo, r))-
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Some auxilary results Il

© Mu(p)(x0) = sup,~o (B(xo, r))/m(B(xo, r)).
Maximal inequality:
CnMur(11)(x0) < sup s Tu](x0, 1) < SUP(« yep(sp.m) TIHI(X, £) <
CaMu(11)(%0),
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Some auxilary results Il

® Muw(1)(x0) = sup,=o 1(B(x0, r))/m(B(xo, r)).
Maximal inequality:
oM (12)(56) < 5P T[], £2) < SUP(e ycouomy TTHI(x. £) <
Ca M (11)(x0),
o Let {u;} be a sequence of solutions of the heat equation in
G x (0,00). If {u;} is locally bounded, then it has a

subsequence which converges to some solution v normally. This

result was recently proved by Bar[B13].
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Sketch of the proof

Step 1:

@ One can reduce to the case xp = 0, and p(R") < co.
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@ One can reduce to the case xp = 0, and p(R") < co.

o Fix a dg-ball By, a sequence {r;} of positive numbers with
ri — 0.
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Sketch of the proof

Step 1:
@ One can reduce to the case xp = 0, and p(R") < co.

o Fix a dg-ball By, a sequence {r;} of positive numbers with
ri — 0. Set Ly = pu (6,(Bo)) /m (6,,(Bo)).
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Sketch of the proof

Step 1:
@ One can reduce to the case xp = 0, and p(R") < co.
o Fix a dg-ball By, a sequence {r;} of positive numbers with
ri — 0. Set Ly = pu (6,(Bo)) /m (6,,(Bo)).
o u(R") < oo, u(0,t?) =+ Last—0
= L;j < CMpi(p)(0) < C'supgreoe F[1](0, £7) < o0.
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Sketch of the proof

Step 1:
@ One can reduce to the case xo = 0, and p(R") < 0.
o Fix a dg-ball By, a sequence {r;} of positive numbers with
ri — 0. Set Lj = pu (6,(Bo)) /m (6,,(Bo)).
o u(R") < oo, u(0,t?) =+ Last—0
= Lj < CMpi(1)(0) < C"supgopcse M[1](0, 7) < 00.

@ Take convergent subsequence of {L;} and denote it also by

{L;}.
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Sketch of the proof

Step 1:
@ One can reduce to the case xp = 0, and p(R") < co.
o Fix a dg-ball By, a sequence {r;} of positive numbers with
ri — 0. Set Lj = pu (6,(Bo)) /m (6,,(Bo)).
o u(R") < oo, u(0,t?) - Last—0
= Lj < CMpi(1)(0) < C"supgopcse M[1](0, 7) < 00.
@ Take convergent subsequence of {L;} and denote it also by

{L;}.Using corresponding r;'s, define u;(x,t) = u (6,(x), r’t).
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Step 2:
e P(0, ) is invariant under the action (r, (x, t)) — (J,,(x), rjzt).
e {u;} is a sequence of solutions with sup; || u;||1~(k) < oo, for all

compact set K C G x (0, 00).

e Use Bar's result to get a subsequence {u;, } such that u, — v

normally.
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Step 2:

e P(0, ) is invariant under the action (r, (x, t)) — (J,,(x), rjzt).
e {u;} is a sequence of solutions with sup; || u;||1~(k) < oo, for all

compact set K C G x (0, 00).

e Use Bar's result to get a subsequence {u;, } such that u, — v
normally.

e Fix (xo, to). Choose n > 0 such that (xo, ty) €

P(0, «). Since
50, (%0, to) = limy_sec U (5,1 (x0), 2 ) ~ L.
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® jiy, (B) = Lm(B) for every d.-ball B.
@ Put B = By to conclude that L;, = 1(d,, (Bo))/m(é,, (Bo)) — L.
e Every convergent subsequence of the bounded sequence {L;}
has limit L. Hence, L; — L.

(E)). Then uj, = T[] = L=T[Lm]

Tk

@ 4 has strong derivative L at 0.
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Remark

Work in progress to see whether this theorem can be proved for more

general class of measures satisfying Brossard-Chevalier type condition:
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Remark

Work in progress to see whether this theorem can be proved for more

general class of measures satisfying Brossard-Chevalier type condition:

sup — (Mlull(x; t) = [Flp(x, 1)]) < o0,

(x,t)eBx(0,to)

where B is a dg-ball around 0, and t; > 0.
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