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Notations

o The n-sphere S™1 is the set {x € R": ||x| = 1}.
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o The n-sphere S™1 is the set {x € R": ||x| = 1}.
@ Lebesgue measure of a subset E C R” is denoted by |E|.
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o The n-sphere S™1 is the set {x € R": ||x| = 1}.
@ Lebesgue measure of a subset E C R” is denoted by |E|.

o (flg:= ﬁfQ’f(YNdy and (f)q,p (|Q| fQ y)IP d)/)

ﬁ\'—‘

Kalachand Shuin (Joint work with and Weighted estimates for maximal product of spherical averages



The n-sphere S™1 is the set {x € R": ||x| = 1}.
Lebesgue measure of a subset E C R" is denoted by |E].

(flg = ﬁfQ’f(YNdy and (f)q,p (|Q| fQ’f )P d)/)

For any locally integrable function f and a point x € R”, the
Hardy-Littlewood maximal function M is defined as

Mf(x) := supgsx(f)q-

(4
Al
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Spherical averages and maximal functions

For r > 0, the spherical average of a continuous function f is
defined by

A f(x) = /Snl f(x — ry)do(y).
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Spherical averages and maximal functions

For r > 0, the spherical average of a continuous function f is
defined by

A f(x) = / f(x —ry)do(y).
Sn—1
The spherical maximal function is defined by

Mfu//f(X) = sup ].Arf(x)|
r>0
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Spherical averages and maximal functions

For r > 0, the spherical average of a continuous function f is
defined by

A f(x) = / f(x —ry)do(y).
Sn—1
The spherical maximal function is defined by

Mfu//f(X) = sup ].A,f(x)\
r>0

The lacunary spherical maximal function is defined by

Mpaef(x) == sup | Ay f(x)]
JEZ
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LP estimates of Mg, and M,

Theorem (Stein; )

Let n > 3. Then the operator Mg,y maps LP(R") to LP(R") if and
only if p >

n
n—1-

Later J. Bourgain [On the spherical maximal function in the plane,
IHES 1985 ]extended the above result to dimension n = 2, i.e Mgy
maps LP(IR?) to LP(R?) if and only if p > 2.
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LP estimates of Mg, and M,

Theorem (Stein; )
Let n > 3. Then the operator Mg,y maps LP(R") to LP(R") if and
only if p > —25.

Later J. Bourgain [On the spherical maximal function in the plane,
IHES 1985 ]extended the above result to dimension n = 2, i.e Mgy
maps LP(IR?) to LP(R?) if and only if p > 2.

Theorem (Calderdn;

Coifman and Weiss; )
Let n > 2. Then the operator Mj;c maps LP(R") to LP(R") for
p>1
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Boundedness of Ms,; and M, w.r.t power weights

Theorem (J. Duoandikoetxea, L. Vega;

)

Let n > 2. Then

® My is bounded on LP(|x|*) for p > -5 and
l1-n<a<(n—1)(p—1)—1. The range of e is sharp
except possibly at the point o =1 — n.

@ M, is bounded on LP(|x|%) if and only if
l-n<a<(n—=1)(p—1) forl < p < oo.
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Sparse family and sparse forms

Definition

A collection of cubes S in R” is said to be 7- sparse (0 < n < 1) if
there are sets {Eg C Q : Q € S} which are pairwise disjoint and
satisfy |Eq| > 1| Q| for all Q € S.
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Sparse family and sparse forms

Definition
A collection of cubes S in R” is said to be 7- sparse (0 < n < 1) if

there are sets {Eg C Q : Q € S} which are pairwise disjoint and
satisfy |Eq| > 1| Q| for all Q € S.

Example: Let S = {Q CR": Q% =[]7_;[0,2%); k; € Z and k =
(ki,ko,...,kny)} and Eqk = H}'Zl[Zkf_l,2kf). Observe that

|Egr| > n|QK| with < 27", Therefore, S is a sparse family.
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Sparse family and sparse forms

Definition

A collection of cubes S in R” is said to be 7- sparse (0 < n < 1) if
there are sets {Eg C Q : Q € S} which are pairwise disjoint and
satisfy |Eq| > 1| Q| for all Q € S.

Example: Let S = {Q CR": Q% =[]7_;[0,2%); k; € Z and k =
(ki,ko,...,kny)} and Eqk = H}'Zl[Zkf_l,2kf). Observe that

|Egr| > n|QK| with < 27", Therefore, S is a sparse family.

Let 1 < r,s < oo. Then for any compactly supported bounded
functions f, g we define the bilinear sparse form as

Nsrs(fig) =Y 1QUf) o (8)as

QeS
The trilinear (p, q, r)-sparse form is defined as
Nspar(f g, h) =Y |QIf Q.alha,r
Qes
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M. Lacey's result on Mj;c and Mgy

Theorem (M. Lacey; )

Let n > 2. Then for any compactly supported bounded functions
f.g and (1,1) in the interior of L, (respectively F,), the operator
Miac (respectively Mgy ) satisfies the following inequality

<Tf7g> 5 AS,r,S(f7g)7

where T = My, (respectively M)
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The triangle L,

nijan g T

Figure: L,

where the points are P, = (0,1), R = (1,0) and Q = (17, 747)-

[y
3

_l’_
[y
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The trapezium F,

Figure: F,, where P; = (0,1), P, = (=1, 1) Py = (==L 2=1) and

n
2

P _(n—n n2—n+2)
4 = \nZ11 "1
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Maximal product of spherical averages

The operator maximal product of spherical averages is defined by

M, R)(x) = SUIS |Af(x)Arfa(X)].
r>
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Maximal product of spherical averages

The operator maximal product of spherical averages is defined by

M, R)(x) = SUI; |Af(x)Arfa(X)].
r>

Similarly, dyadic maximal product of spherical averages is defined
by

Miac(fi, R)(x) == sup | A fi(x) Apif2(x))].
je
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Maximal product of spherical averages

The operator maximal product of spherical averages is defined by

Meui(fr, 2)(x) = sup |A f(x)Arfa(x)].

r>0

Similarly, dyadic maximal product of spherical averages is defined
by

Miac(fi, R)(x) == sup | A fi(x) Apif2(x))].
je

The bilinear spherical maximal operator is defined by

Mapn(fr. £)(x) := sup / (x — ) a(x — r2)|doan_1(y. 2)
r>0 S2n—1
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Boundedness of bilinear spherical maximal function

Lemma (E. Jeong, S. Lee; )
Let n > 2. Then

Msph(f, 8)(x) S Mf(x)Mrung(x)
and Mepon(f, 8)(x) S Meunf (x)Mg(x),

where M is the Hardy-Littlewood maximal function.
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Theorem (E. Jeong, S. Lee; )

Letn>2. Letl<p,g<ocoand0<r<oo With%—i—%:%.
Then the following inequality

[Msph(f; &)l r@ny S N fllornyllg |l Laqrn (1)

holds if and only if r > 5 except the case (p,q,r) = (1,00,1)
or (c0,1,1).
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Theorem (E. Jeong, S. Lee; )

Letn>2. Letl<p,g<ocoand0<r<oo With%—i—%:%.
Then the following inequality

[Msph(f; &)ller@ny S I llony g |l Laqrny (1)

holds if and only if r > 5 except the case (p,q,r) = (1,00,1)
or (00,1,1). In addition, the weak type estimates holds in terms of
Lorentz spaces. i.e.

[Msph(f; &)llLrurny S I1fllpsrny 18 |l L.t (mm) (2)

holds in the following cases
o Ifp=r=1withu=t=o00 ands=1.
@ Forn>3,ifp=1,q9=-" ) holds with u = oo and
s=t=1.
® Forn>3,ifl < p< -3, r =55, then (2) holds with
2"—;1 and s, t > 0.

u:ooands,tsatisfy%—i-%:
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Bilinear Az 7 weights

Definition (K.Li, J.M. Martell, S. Ombrosi;

Let p = (p1, p2) and ~|—f: 1 < p1,p2 < 0. For a tuple
r=(ri,r,r) with r; < pi. i =1,2, and rj > p, where

1< n,n,rn <o, wesay that w = (wy,w) € Asrif

0<w <ooae fori=1,2and

1
p’
1,

311 2 rooo1 1
— = p L ri—p:\ r:_ p;
Wla,. == sup (vi Vo * | W/ ™) 7 <o
B, QCR" Q ,1_[1 i Q ’
where v,, 1= HIZ 1 Wp/p’ When r3 = 1, the term corresponding to
vy needs to be replaced by <vw>gp. Analogously, when p; = r;, the

term corresponding to w; needs to be replaced by esssupg Wfl/p".
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Bilinear Az 7 weights

Definition (K.Li, J.M. Martell, S. Ombrosi;

Let p = (p1, p2) and ~|—f: 1 < p1,p2 < 0. For a tuple
r=(ri,r,r3) with r; < pi, i =1,2,and r; > p, where
1< n,n,rn <o, wesay that w = (wy,w) € Asrif

0<w <ooae fori=1,2and

1
p'
1,

l’3 l_i/ 2 i 1 1
- o =P\ P 13 =P\ Pj
[W]AE,F 1= sup (v >Q H<Wi >Q < o9,
QCR" i
L TT2 p/pi _ .
where v,, 1= w;""". When r3 = 1, the term corresponding to
i=1 p g

1/p

Vv needs to be replaced by (v, . Analogously, when p; = r;, the
Q

term corresponding to w; needs to be replaced by esssupg Wfl/p".

When 7= (1,1,1), the weight class Az coinsides with Az, which
was introduced by Lerner et al. Adv. in Math., 2009
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Theorem 1: Weighted boundedness of M, and My,

Theorem (-, S. Shrivastava, L. Roncal;

Let n>2. Fori=1,2, let (%, ) be in the interior of L,
(respectively F,,) Assume that t= 92 51 Then for all

s1t+s—s1%
Gd=(q1,q), L o= H + E with r; < q;, i = 1,2, and t' > q, the
operator M, (respectively Mg,) extends to a bounded operator
from L9 (wy) x L?(wp) — L(vy ), ie.,

IM(f1, 2)llLaqu,) < C([W]ag,) HHme(W,

where M := M, (respectively My, ) and w = (w1, wa) € Az 7
with F = (r, r, t).
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Theorem 2: Boundedness of M, w.r.t power (or radial)
weights

Theorem (-, S. Shrivastava, L. Roncal;

Let n > 2. The operator M, is bounded from LP(|x|*) x LP(|x|?)
to LP/2(|x|*2") with 1 < p <

2321 for o, 8 satisfying:

I-nmp<a,f<(n=1)(p—1) and o+ >2(1—n)(n—(n—1)p).
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Theorem 2: Boundedness of M, w.r.t power (or radial)
weights

Theorem (-, S. Shrivastava, L. Roncal;

Let n > 2. The operator M, is bounded from LP(|x|*) x LP(|x|?)

to LP/2(|X]QT+B) with1l < p < 2321 for a, B satisfying:

I-nmp<a,f<(n=1)(p—1) and o+ >2(1—n)(n—(n—1)p).
Define
o Rp={ws(x)=1[x?:1-n<a<(n—-1)(p—1)}.
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Sparse domination of M,c and Mgy,

Theorem (-,S. Shrivastava, L. Roncal;

Let n>2. Fori=1,2, let ( ) be in the interior of L,
(respectively F,) and p; > r;. Then for any non-negative
compactly supported bounded functions fi, f, and h, there exists a
sparse collection S = S,, ,, + such that

<M(fl7 f2)7 h> < CASpl,pz,t(fb f2, h)7

where t .= /22— > 1 and M := M, (respectively Mgy ).

S1t+S2—s152

Kalachand Shuin (Joint work with and Weighted estimates for maximal product of spherical averages



Sharpness of sparse domination

Sharpness of sparse bound for M,:
1,1
] " + r + % <n
1 1
S tatntg =2

n 1 n 1
o 71+;1+E+5§2n.

and Weighted estimates for maximal product of spherical averages
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Sharpness of sparse domination

Sharpness of sparse bound for M,:
o s +2<n

n
1 1
S tatntg =2
1 1
o t+ o+ o+ <2n
Sharpness of sparse bound for Mg:

n

1 1
Cntatntg =2
° il+n—l+n+1_‘_n—1<4(n_1).

n S1 r2 S2

and Weighted estimates for maximal product of spherical averages
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Proof of Theorem 2

Step ILletl < p1=po < ==1- Now consider
720 <P1p2 <00, = _ﬁ + — and (rgs’,-) € Ly, i = 1,2 with
t=qat, > 1 Forr=(r,n,t) <p:=(p1,p2p) let

w = (wi, ws) € Ag 7 By Theorem 1 we have

[Miac(fr; £2)[lr(w) < Cillfillcer () 12l 192 (ws) - (3)
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Proof of Theorem 2

Step ILletl < p1=po < ==1- Now consider
720 <P1p2 <00, = _ﬁ + — and (rgs’,-) € Ly, i = 1,2 with
t=qat, > 1 Forr=(r,n,t) <p:=(p1,p2p) let

w = (wi, ws) € Ag 7 By Theorem 1 we have
[Miac(fr; £2)[lr(w) < Cillfillcer () 12l 192 (ws) - (3)
Also, note that using the product type estimates we get,

[Miac(fr, 2)lla(v) < Cllfill o ()l fall o2 (v2)s (4)

forl<g<pnl=l+lye (A% n RH(%C( )),) URg,

qi
qq

v=v;"v,? and (tl %)EL for some 7; € (1,00) and
1<ti<gqgi<mn, fori=1,2.
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Proof continued...

We consider the linearised operator M, as follows
M|3C(f1? fz)(X) = AT(X)fl(X)AT(X)fé(X)’

where 7 is a measurable function from R” to [0, c0).
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Proof continued...

We consider the linearised operator M, as follows

Mlac(fla fZ)(X) = T(X fl(X) f2( )

where 7 is a measurable function from R” to [0, c0). For
ze€ S:={z€C:0<Re(z) <1}, consider the functions

I(z) "~ p q’ li(z)  pi qi

11— 11—
=242 : T+ =12

Choose 6 € (0,1) such that
1 _1-0.0

1
t7 . +
0 p q p 1i(6) pi G Pi
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Proof continued...

Note that for any linear operator T and a positive number
k € (0,1) satisfying % + g < 1 and k < p, we can write the

following
= sup ‘/ |Tf\kg’.
]Rn
(R")
=1

Il = 11TFI4]
p
geLp—k

lell s
LP—k (RN

Rel!

Weighted estimates for maximal product of spherical averages
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Proof continued...

Note that for any linear operator T and a positive number
k € (0,1) satisfying % + g < 1 and k < p, we can write the

following
L L PR
B Rn
gELFF(R")
lell 5 =1
LP—k (RN
Consider
vn(x) =v(x), if v(x)<N and vy(x)=N, if v(x)>N,
if  w(x)> N.

w(x) <N and wy(x) =N,

and Weighted estimates for maximal product of spherical averages
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Let f1, f> be finite simple functions and g be a non-negative finite
simple function such that ||fj|[ ;5 gny) = 1, for i = 1,2 and

5 =1
Ial 2,
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Let f1, f> be finite simple functions and g be a non-negative finite
simple function such that ||fj|[ ;5 gny) = 1, for i = 1,2 and
Now consider the following function

1— Kk
. 1. i)

w(z) ::/ ‘AT(x)fl,z(X)AT(x)7[2,Z(X)f‘7[\alWNTg kui%) dx, (5)
Rn

where

Pj —z z—1

Fio(x) = 60| T eb(vi+€) T (wj+e) 5, j=1,2

forze S, e>0and uj € [0,27].
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Note that we have the following expression for ¢)(6), 6 € (0,1),

2 ] 0—1 [’] 1-6
— e ~ag~ 5 |k
00) = [ TT A+ 5w+ 7 )70 [“g(x)a
j=1
z 1—z
For each x € R”, the functions A, () 2(x), vy(x), wp* (x) and

-5
g k=) (x) are analytic in the domain {z € C : 0 < Re(z) < 1}.
Also, using the Holder's inequality with exponents £ and —£, it is

p—k’
easy to see that v is a bounded function.
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Note that we have the following expression for ¢)(6), 6 € (0,1),

2 ] 0—1 [’] 1-6
— v ~ag~ 5 |k
00) = [ TT A+ 5w+ 7 )70 [“g(x)a
j=1
z 1—z
For each x € R”, the functions A, () 2(x), vy(x), wp* (x) and
(1-

k
Ts)
I(z)
k
g “*7%) (x) are analytic in the domain {z € C: 0 < Re(z) < 1}.
Also, using the Holder's inequality with exponents £ and pfpk, it is
easy to see that v is a bounded function.
Moreover, the Hélder's inequality with exponents £ and -2 and

p—k
the fact that ||f|,5pn =1, i = 1,2 and 5 =1, yield
e fact that || HLP:(]R) ! an HgHLﬁgk(Rn) yie
that
e (it)] < Cf.
Similarly, using the Hélder's inequality with exponents 7 and q%"k?
we get

[W(1+it)] < G
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We invoke the maximum modulus principle for subharmonic
functions to deduce that

o 1-0

w Ol = | \HAT(X w2 T el < O

Here we have used the notation v; . = v; + ¢ and w; . = w; + € for
j=1,2.

Weighted estimates for maximal product of spherical averages
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We invoke the maximum modulus principle for subharmonic
functions to deduce that

6-1 6 1-6

i / ‘HAT(X D)) [“g(x)ax < Il

Here we have used the notation v; . = v; + ¢ and w; . = w; + € for
Jj = 1,2.Therefore, using a duality argument we obtain that

Tl

9-1 6 9-1 0 1m0\ 5
(/ (‘A’T(X flvlg Wle )(X)AT(X)(f2V2,Eq2 W2,pe2 )(X)|VI€IWNP ) dX)

<c( [ar)( [ 1ar)®
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Since the set of finite simple functions is dense in
L*(R™), 1 <s < oo, we get the above estimate for all LP*(R")
functions f; and f; (note that we have assumed p; = p,).
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Since the set of finite simple functions is dense in
L5(R"), 1 < s < oo, we get the above estimate for all LP1(R")
functions f; and f, (note that we have assumed p; = p»).Next,

recall that the constants Ci, C; are independent of ¢, N and 7. Let
(%) 1—-6

e = 0and N — oo and replace f; by fiv,"w; % , i =1,2, in the
above to get that

(/. (Mo (BI04, (B0 ) o)

9 1—6 9 1-0

([ i )R ([ i)
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Since the set of finite simple functions is dense in
L5(R"), 1 < s < oo, we get the above estimate for all LP1(R")
functions f; and f, (note that we have assumed p; = p»).Next,

recall that the constants Ci, C; are independent of ¢, N and 7. Let
(%) 1—-6

e = 0and N — oo and replace f; by fiv,"w; % , i =1,2, in the
above to get that

([ (@004 @] vEw's") or)’

A E R L0 1=e L
< C(/n |7c1|p1(V1q1 W1p1 )pl)pl (/R" |f2|p2(V2q2 sz2 )pz)pz-

Since the constant C is independent of 7, therefore we get the
boundedness of the operator M|y, i.e.

</]Rn (‘Mlac(ﬂ, 6)(X)‘Vzwlp0>ﬁdx),ls

1-6 1

6 1-0 1

.2 N . L N\ 5
<o [ 1aPerw™ ) ([ e )R )
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Step ll: For e > 0, let py = po = 23"1 +2,n=rn= 2321 +e
and (r 5 1) € L,. Check that for this choice of (r , s,)

= ﬁ > 1 and set = (r1, r, r3) with 3 = t. Let
w = (x|, |x|?) e Ap 7 and note that the estimate (3) holds for
bilinear Az 7 weights. Next, for 0 < < p1 — 1, choose
g1 =q2 = p1 — 6 and V = (|x|?, |x|?) with
1-n<a,b<(n—1)(p1 —d—1). Then we know that the
estimate (4) holds for M.
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Step ll: For e > 0, let py = po = 23"1 +2,n=rn= 2321 +e
and (r 5 1) € L,. Check that for this choice of (r , s,)

= ﬁ > 1 and set = (r1, r, r3) with 3 = t. Let
w = (x|, |x|?) e Ap 7 and note that the estimate (3) holds for
bilinear Az 7 weights. Next, for 0 < < p1 — 1, choose
g1 =q2 = p1 — 6 and V = (|x|?, |x|?) with
1-n<a,b<(n—1)(p1 —d—1). Then we know that the
estimate (4) holds for M,c. Therefore, by the previous steps the
operator M, satisfies the estimate (6) for the above choice of
exponents and we get

(o11)2 Ly
(/‘Mlac f].yfz)‘ (|X’ —6 2(n+e(2n—1)) )P)

_ 1 (1—0)(2n— 1
/(|f1HXp1 5+ 2£1+23)23 1)1))p1>ﬁ1 (/(‘6"X|%+W)ﬁ2>ﬁ2
(7)

=
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Now, we show that the exponents of weights in the estimate above
may be chosen suitably so that they satisfy the following
conditions, i.e. w = (|x|*’,|x|?") € Az This implies that

a 91(2n 1) B’ 07(2n—1)
|X’2n+26(2n 1 c A(1 1r)g, s ‘X‘2n+262n 1) e A(

)02

(o’ 48" )d3(2n—1)

and x| 2= € Arig,
where
1 1 1 1 1—r 1
_—=— =, — = — — and P3:PI, I:17273
op i pi 0 r dj

Kalachand Shuin (Joint work with and Weighted estimates for maximal product of spherical averages



Substituting the values of the various parameters, we obtain

1—r (2n—2)(1+¢(2n—1))

r 2n+¢e(2n—1) ’
1 _e2n-1)2n-2)-1 Mol o,
0; 2n+¢€(2n—1) 2n+2¢(2n —1)
1 e(2n — 1)2 2n—1

53 2n+e@n—1) n+e@n—1)
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Substituting the values of the various parameters, we obtain

1—r (2n—2)(1+¢(2n—1))

r 2n+¢e(2n—1) ’
1 _e2n-1)2n-2)-1 Mol o,
0; 2n+¢€(2n—1) 2n+2¢(2n —1)
e(2n — 1)2 2n—1

1
03 2n+e(2n—1)  n+e2n—1)

Since € can be chosen arbitrarily small, therefore taking € — 0 we
get(l—n)QS”l<a,6’<Oand(1—n) <0.

Now taking 6 — p; — 1, we get 0 = £ — (2n 1). Since the range
of o/ and /3’ is an open set, we get that M,c is bounded from
LPr(|x|®) x LP2(|x|?) to LP(|x|"2 z ) for a, 8 satisfying

(1-n)pr<a,B<0 and a+pB>2(1—n)(n—(n—1)p).
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Further, using the product-type weighted boundedness of M, for
p1 = Po, we get M, is bounded from LP1(|x|?) x LP2(|x|) to
LP(|x|"2") for L—n < a,b < (n—1)(py — 1).

This proves the desired result for the operator M|,c.
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