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Introduction

e What is an Uncertainty Principle?

@ In harmonic analysis, uncertainty principles says that a function f
and its Fourier transform f defined by

7(2) = (2m) /2 [ f(x)e > dax

n

can not both be SMALL simultaneously.
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can not both be SMALL simultaneously.

@ Depending on various notions of smallness, we can get different
uncertainty principles.
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Introduction

e What is an Uncertainty Principle?

@ In harmonic analysis, uncertainty principles says that a function f
and its Fourier transform f defined by

7(2) = (2m) /2 [ f(x)e > dax

n

can not both be SMALL simultaneously.

@ Depending on various notions of smallness, we can get different
uncertainty principles.

e Example: (Hardy) Let f(x) = O(e’a|x|2) and f(g) = O(e*b\é‘IQ)_
If ab> 1/4 then f = 0.
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An uncertainty principle

o Let f € LY(R") be such that |#(&)| < e~2¢l. Then the inversion
formula for the Fourier transform yields:

f(x +iy) = (2m) "2 / F(&)el )2 g

n
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An uncertainty principle

o Let f € LY(R") be such that |#(&)| < e~2¢l. Then the inversion
formula for the Fourier transform yields:

f(x +iy) = (2m) "2 / F(&)el )2 g

n

@ f extends to a holomorphic function in the tube domain
{x+iy € C":|y| < a}. As a result, if f compactly supported,
f=0.
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An uncertainty principle

o Let f € LY(R") be such that |#(&)| < e~2¢l. Then the inversion
formula for the Fourier transform yields:

f(x +iy) = (2m) "2 / F(&)el )2 g

n

@ f extends to a holomorphic function in the tube domain
{x+iy € C":|y| < a}. As a result, if f compactly supported,
f=0.

@ Question Is is possible to arrive at a similar conclusion with slower

decay on the Fourier transform side e.g.,
I¢]

P(@)] < Ce WU, g > 1.
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An uncertainty principle

o Let f € LY(R") be such that |#(&)| < e~2¢l. Then the inversion
formula for the Fourier transform yields:

n

f(x +iy) = (2m) "2 / F(&)el )2 g

@ f extends to a holomorphic function in the tube domain
{x+iy € C":|y| < a}. As a result, if f compactly supported,
f=0.

@ Question Is is possible to arrive at a similar conclusion with slower
decay on the Fourier transform side e.g.,
~ _ gl
[F(E)] < Ce 10D, |¢] > 1.
Equivalently one can also ask:

@ Question: For a non-trivial function f which is compactly supported,
what would be the best possible decay admissible for f?
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An uncertainty principle

o Let f € LY(R") be such that |#(&)| < e~2¢l. Then the inversion
formula for the Fourier transform yields:

n

f(x +iy) = (2m) "2 / F(&)el )2 g

@ f extends to a holomorphic function in the tube domain
{x+iy € C":|y| < a}. As a result, if f compactly supported,
f=0.
@ Question Is is possible to arrive at a similar conclusion with slower
decay on the Fourier transform side e.g.,
” _ gl
P@)] < Ce wT, || > 1.
Equivalently one can also ask:

@ Question: For a non-trivial function f which is compactly supported,
what would be the best possible decay admissible for f?

@ In 1934, Ingham gave an answer to this question for the one
dimensional case (i.e., on R)
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Ingham’s theorem

Let 0 :[0,00) — [0,00) be decreasing function vanishing at infinity.
There exists a non-trivial f € C.(R) satisfying

1£(&)| < ce~0UeDI]

if and only if [ 6(t)t~1dt < co.
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Ingham’s theorem

Let 0 :[0,00) — [0,00) be decreasing function vanishing at infinity.
There exists a non-trivial f € C.(R) satisfying

1£(&)| < ce~0UeDI]

if and only if [ 6(t)t~1dt < co.

o When [[”6(t)t 1dt = oo, the function tf(t) is unbounded on
(1,00). So, ‘Ingham type condition’ imposes a certain amount of
rapid decay on Fourier transform.
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Ingham’s theorem

Let 0 :[0,00) — [0,00) be decreasing function vanishing at infinity.
There exists a non-trivial f € C.(R) satisfying

1£(&)| < ce~0UeDI]

if and only if [ 6(t)t~1dt < co.

o When [[”6(t)t 1dt = oo, the function tf(t) is unbounded on
(1,00). So, ‘Ingham type condition’ imposes a certain amount of
rapid decay on Fourier transform.

o The above theorem says that when [;* 6(t)t ldt = oo, the Fourier
transform of a compactly supported continuous function cannot
have Ingham type decay!
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What Ingham did...

Quasi analyticity of
the function

’ Ingham type decay}

|F(&)| < ce0UEDIE]




What Ingham did...

Quasi analyticity of
the function

|

" A class S of smooth
—0
If(¢)] < Ce (Iehel functions is called

quasi-analytic if
whenever f € S
and all its derivates
vanish a point, then
f=0.
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What Ingham did...

| Denjoy-Carleman theorem
’ Ingham type decayl

Quasi analyticity of
the function

|

" A class S of smooth
—0
If(¢)] < Ce (Iehel functions is called

quasi-analytic if
whenever f € S
and all its derivates
vanish a point, then
f=0.

C{M,} = {f € C®°(R)
1£(M ]| < CrA™M,} is quasi-analytic
iff Y00 My Y/n = o,
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@ In 2016, Bhowmik-Ray-Sen used a several variable version of
Denjoy-Carleman theorem due to Bochner-Taylor (1950) to prove
the following improvement of Ingham's theorem on IR".
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@ In 2016, Bhowmik-Ray-Sen used a several variable version of
Denjoy-Carleman theorem due to Bochner-Taylor (1950) to prove
the following improvement of Ingham's theorem on IR".

Theorem (Bhowmik-Ray-Sen)

Let 0 : [0,00) — [0,00) be decreasing function vanishing at infinity. Let
f € LL(R") be such that its Fourier transform satisfies
1F(&)] < ce—00DIgl

Q If [[°0(t)t 1dt = o and f vanishes on an open set, then f = 0.

Q@ If [[70(t)t Ldt < oo, then there exists f € CZ(R") whose Fourier
transform satisfies the above estimate.

v
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@ In 2016, Bhowmik-Ray-Sen used a several variable version of
Denjoy-Carleman theorem due to Bochner-Taylor (1950) to prove
the following improvement of Ingham's theorem on IR".

Theorem (Bhowmik-Ray-Sen)

Let 0 : [0,00) — [0,00) be decreasing function vanishing at infinity. Let
f € LL(R") be such that its Fourier transform satisfies
1F(&)] < ce—00DIgl

Q If [[°0(t)t 1dt = o and f vanishes on an open set, then f = 0.

Q@ If [[70(t)t Ldt < oo, then there exists f € CZ(R") whose Fourier
transform satisfies the above estimate.

v

@ In 1978, P.R. Chernoff came up with a nice sufficient condition for
smooth functions on R” to be quasi-analytic.
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Chernoff’'s theorem

Theorem (P.R. Chernoff, 1978)

Let f be a smooth function on R". Let Arn be the standard Laplacian
on R". Assume that AT,f € L>(R") for all m € N and

o0

L
Y. ARl > = oo.

m=1

If f and all its partial derivatives vanish at xog € R", then f is identically
zero.

@ It is worth noting that proving Ingham’s theorem requires essentially
a version of the previous theorem with a stronger vanishing
condition that the function f vanishes on an open set.
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Chernoff’'s theorem

Theorem (P.R. Chernoff, 1978)

Let f be a smooth function on R". Let Arn be the standard Laplacian
on R". Assume that AT,f € L>(R") for all m € N and

o0

L
Y. ARl > = oo.

m=1

If f and all its partial derivatives vanish at xog € R", then f is identically
zero.

@ It is worth noting that proving Ingham’s theorem requires essentially
a version of the previous theorem with a stronger vanishing
condition that the function f vanishes on an open set.

@ In fact, this interaction between the theorems of Ingham and
Chernoff warrant us to explore the possibility analogues of these
results beyond Euclidean space.
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Chernoff’'s theorem

Theorem (P.R. Chernoff, 1978)

Let f be a smooth function on R". Let Arn be the standard Laplacian
on R". Assume that AT,f € L>(R") for all m € N and

o0

L
Y. ARl > = oo.

m=1

If f and all its partial derivatives vanish at xog € R", then f is identically
zero.

@ It is worth noting that proving Ingham’s theorem requires essentially
a version of the previous theorem with a stronger vanishing
condition that the function f vanishes on an open set.

@ In fact, this interaction between the theorems of Ingham and
Chernoff warrant us to explore the possibility analogues of these
results beyond Euclidean space.

@ M.Bhowmik, S.Pusti, S.K.Ray, Theorems of Ingham and Chernoff
on Riemannian symmetric spaces of noncompact type, JFA, 2020.

P. Ganguly Uncertainty principle



Harmonic analysis on the Heisenberg group

@ Consider the Heisenberg group H" := C" X R equipped with the
group law

(z,t).(w,s) = (z4+w,t+5+ % Im(z.w)).

This is a step two Nilpotent Lie group where the Lebesgue measure
dzdt plays the role of Haar measure.
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Harmonic analysis on the Heisenberg group

@ Consider the Heisenberg group H" := C" X R equipped with the
group law

(z,t).(w,s) = (z4+w,t+5+ % Im(z.w)).

This is a step two Nilpotent Lie group where the Lebesgue measure
dzdt plays the role of Haar measure.

o The group Fourier transform of f € L*(IH") is an operator valued
function defined on non-zero reals by

F(A) = / F(z, )7, (2, t)dzdt
where 7T)'s are Schrodinger representaion of H” given by

iA(z, £)@(E) = eMer T gz 4 y),

where z = x + iy and ¢ € L?(R").
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o Plancherel formula:lt is known that when f € L1 N L2(]H") its
Fourier transform is actually a Hilbert-Schmidt operator and one has

[ 1z ) dzde = (27) "D [ 70 || "dA.
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o Plancherel formula:lt is known that when f € L1 N L2(]H") its
Fourier transform is actually a Hilbert-Schmidt operator and one has

[ 1z ) dzde = (27) "D [ 70 || "dA.

@ The Heisenberg Lie algebra, h, consists of left invariant vector fields
on H". A basis for b, is provided by the 2n 4+ 1 vector fields

d 1 o d 1 o o}
Xj=a—+oyiz Yi=2—-—sX=- j=12.. T=2.
\j an + 2yjat' J ayj 2XJat' J ,2,...,n, and 5
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o Plancherel formula:lt is known that when f € L1 N L2(]H") its
Fourier transform is actually a Hilbert-Schmidt operator and one has

[ 1z ) dzde = (27) "D [ 70 || "dA.

@ The Heisenberg Lie algebra, h, consists of left invariant vector fields
on H". A basis for b, is provided by the 2n 4+ 1 vector fields

d 1 o d 1 o o}
Xj=a—+oyiz Yi=2—-—sX=- j=12.. T=2.
\j an + 2yjat' J ayj 2XJat' J ,2,...,n, and 5

@ The sublaplacian on H" is define by

(XP+Y7)

A agk:

ﬁ:

j=1
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o Plancherel formula:lt is known that when f € L1 N L2(]H") its
Fourier transform is actually a Hilbert-Schmidt operator and one has

[ 1z ) dzde = (27) "D [ 70 || "dA.

@ The Heisenberg Lie algebra, h, consists of left invariant vector fields
on H". A basis for b, is provided by the 2n 4+ 1 vector fields

d 1 o d 1 o o}
Xj=a—+oyiz Yi=2—-—sX=- j=12.. T=2.
\j an + 2yjat' J ayj 2XJat' J ,2,...,n, and 5

@ The sublaplacian on H" is define by

(XP+Y7)

A agk:

ﬁ:

j=1

@ The full Laplacian on H" is defined by

Ap=—) (X?+Y?) - T?
j=1
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@ An analogue of the situation A/Rn\f(g) = |&|2F(&), in the context of
H" is given by

Auf(A) = (H(A) + A%)F(A)

where H(A) := —Agrn + A?|x|%.
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@ An analogue of the situation A/Rn\f(g) = |&|2F(&), in the context of

H" is given by
Buf(A) = (H) +A%)F()
where H(A) := —Agn + A?|x|2. As a mater of fact, an analogue of

Ingham type decay condition on IR” viz.

(&) < e 0UEDIEl (i, F(E)F(E) < e 20UEDIE), in the setting of
IH" takes the form

~

f()\)*f()\) S Ce*2‘/\‘®(‘/\‘)ef2 H(/\)@(\/H(/\)), A 7’{ 0 (1)
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@ An analogue of the situation A/Rn\f(g) = |&|2F(&), in the context of

H" is given by
Buf(A) = (H) +A%)F()
where H(A) := —Agn + A?|x|2. As a mater of fact, an analogue of

Ingham type decay condition on IR” viz.

(&) < e 0UEDIEl (i, F(E)F(E) < e 20UEDIE), in the setting of
IH" takes the form

f()\)*f()\) < Cef2\)\\®(\/\\)672 H(/\)G)(\/H(/\))’ A#£0 (1)

We have the following exact analogue of Ingham’s theorem in the setting
of H".

Theorem (Ganguly-Thangavelu)

Let ©(A) be a nonnegative function on [0, %) such that ©(A) decreases
to zero when A — oo. Then there exists a nonzero comBact/y supported

continuous function f on H" whose Fourier transform f(A) satisfies the
estimate (1) if and only if [ ©(t)t 1dt < co.
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Two main results of this talk

Theorem (Ganguly-Thangavelu)

Let ©(A) be a nonnegative function on [0, c0) such that it decreases to
zero when A — oo and satisfies the conditions [;” ©(t)t 1dt = co. Let f
be an integrable function on IH" whose Fourier transform satisfies the
estimate

FAY (M) < Ce=2MOUA) -2V HMOW/AM) 3 £ g,

Then f cannot vanish on any nonempty open set unless it is identically
zero.
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Two main results of this talk

Theorem (Ganguly-Thangavelu)

Let ©(A) be a nonnegative function on [0, c0) such that it decreases to
zero when A — oo and satisfies the conditions [;” ©(t)t 1dt = co. Let f
be an integrable function on IH" whose Fourier transform satisfies the
estimate

FAY (M) < Ce=2MOUA) -2V HMOW/AM) 3 £ g,

Then f cannot vanish on any nonempty open set unless it is identically
zero.

In order to prove this, we need to use an analogue of Chernoff's theorem
for the full Laplacian Ay :

Theorem (Ganguly-Thangavelu)

Let f € C®(H") be such that Afif € L2(H") for all m > 0 and
1

satisfies the Carleman condition) ;. _1 ||Afif||, ?™ = oo. If f vanishes on
a non-empty open set, then f is identically zero.

= = = = =
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Time for proofs!




Chernoff’s theorem for the full Laplacian

Let f € C®(IH") be such that Afif € L2(H") for all m > 0 and
1

satisfies the Carleman condition } _y_1 ||Afif||, 2™ = oo. If f vanishes on
a non-empty open set, then f is identically zero.

Sketch of proof:
WLOG, we can assume that f vanishes on an open set

B,(0) x (—a, a) C V containing the origin.
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Chernoff’s theorem for the full Laplacian

Let f € C®(IH") be such that Afif € L2(H") for all m > 0 and
1

satisfies the Carleman condition } _y_1 ||Afif||, 2™ = oo. If f vanishes on
a non-empty open set, then f is identically zero.

Sketch of proof:
WLOG, we can assume that f vanishes on an open set
B,(0) x (—a, a) C V containing the origin.
eReduction to the radial case:

@ Fix z € V and consider the spherical mean

Fo(r,t):=fxu(zt):= /\.M:r f(z —w, t— % Imz.W) dur(w)

where yi, is the normalised surface measure on the sphere
{(z,t) e H" : |z| = r}.

P. Ganguly Uncertainty principle



Chernoff’s theorem for the full Laplacian

Let f € C®(IH") be such that Afif € L2(H") for all m > 0 and
1

satisfies the Carleman condition } _y_1 ||Afif||, 2™ = oo. If f vanishes on
a non-empty open set, then f is identically zero.

Sketch of proof:
WLOG, we can assume that f vanishes on an open set
B,(0) x (—a, a) C V containing the origin.
eReduction to the radial case:
@ Fix z € V and consider the spherical mean
. 1 o
Fo(r t) :=fxuzt):= / f(z —w,t—=Imz- W) dur(w)
J|wl|=r 2
where yi, is the normalised surface measure on the sphere
{(z,t) e H" : |z| = r}.
@ Choose 6 = min(a/2,+/a). Then, z € Bs(0), F,(r,t) = 0 for all
(r,t) € (0,0) x (=6/2,6/2) =:UC S:=Ry xR.
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e Considering F, as a radial function on H”, using the relation
Apf *ur(z,t) = AsF,(r, t) we can show that

ATF(r,t 22"*1ddt<c/ AT (2, ) P dzdt
Jo R IAZFr PP e < Gy [ AGiF (2, )
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e Considering F, as a radial function on H”, using the relation
Apf *ur(z,t) = AsF,(r, t) we can show that

ATF(r,t 22"*1ddt<c/ AT (2, ) P dzdt
Jo R IAZFr PP e < Gy [ AGiF (2, )

where
? 21—19 1,92 &

As = o2 r or 4 ot2  9t2’

1
o As a matter of fact, }_ o ||Afif||, ™ = oo implies
1

Yo 1 |ATF,|[, *™ = co. Moreover, we have

F.(r,t) =0 for (r,t) € U.

P. Ganguly Uncertainty principle



e Considering F, as a radial function on H”, using the relation
Apf *ur(z,t) = AsF,(r, t) we can show that

ATF(r,t 22"*1ddt<c/ AT (2, ) P dzdt
Jo R IAZFr PP e < Gy [ AGiF (2, )

where
2 2n—129 1282 02

As=—3p " " a1 a2 a2

1
o As a matter of fact, Y5n_1 [|Afjf]|, " = oo implies
1

Yo 1 |ATF,|[, *™ = co. Moreover, we have

F.(r,t) =0 for (r,t) € U.

Let g € C=(S) be such that ATf € L2(S) for all m > 0. Assume that
Y1 |AZg]l, m = co. If f vanishes on a neighbourhood of the origin,
then f is identically zero.

————— ==

P. Ganguly Uncertainty principle




eUse of Elliptic Regularity:
o fxu,(z,t)=F,(r,t)=0forall z€ Bs(0) and t € R.
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eUse of Elliptic Regularity:
o fxu,(z,t)=F,(r,t)=0forall z€ Bs(0) and t € R.

@ As a result,
0= / fxur(z t)e™dt = 5y pu,(2)
—00

where

£A *Ay,(z):/“ Az — w)e 2 mEW) do(w).
w|=r
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eUse of Elliptic Regularity:
o fxu,(z,t)=F,(r,t)=0forall z€ Bs(0) and t € R.

@ As a result,
0= / Fep(z, t)eMde = £ oy pup(2)
—o0

where

A >c</\;4,(z):/H f’\(z—w)e%lm(z"’_")da(w).
w|=r

o Consider the elliptic operators L, defined by
Lrg(z) = e M L(eMg(2)).
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eUse of Elliptic Regularity:
o fxu,(z,t)=F,(r,t)=0forall z€ Bs(0) and t € R.

@ As a result,
0= / Fep(z, t)eMde = £ oy pup(2)
—o0

where

A >c</\;4,(z):/H f’\(z—w)e%lm(z"’_")da(w).
w|=r

o Consider the elliptic operators L, defined by
Lyg(z) := e M L(eMg(z)). We also have the following spectral

decomposition:
[ee]

Lig= Y (2k+n)|A|Qle.
k=0
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eUse of Elliptic Regularity:
o fxu,(z,t)=F,(r,t)=0forall z€ Bs(0) and t € R.
@ As a result,

0= / Fep(z, t)eMde = £ oy pup(2)

where

A >c</\;4,(z):/H f’\(z—w)e%lm(z"’_")da(w).
w|=r

o Consider the elliptic operators L, defined by
Lyg(z) := e M L(eMg(z)). We also have the following spectral

decomposition:
[ee]

Lig= Y (2k+n)|A|Qle.
k=0

Moreover,
Qi rl2) = (10

P. Ganguly Uncertainty principle



° Qi‘fA(z) =0 for all z € Bs(0) and Q;{‘f)‘ are eigenfunctions of L.
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° Qi‘fA(z) =0 for all z € Bs(0) and Q;{‘f)‘ are eigenfunctions of L.

@ Hence by Elliptic regularity theorem, Ql/(\f)‘ is real analytic. So,
Q) A = 0 which is true for all k > 0.
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° Qi‘fA(z) =0 for all z € Bs(0) and Q;{‘f)‘ are eigenfunctions of L.

@ Hence by Elliptic regularity theorem, Ql/(\f)‘ is real analytic. So,
Q) A = 0 which is true for all k > 0.

@ So, FA =0 for all A. Therefore, f = 0.
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° Qi‘fA(z) =0 for all z € Bs(0) and Q;{‘f)‘ are eigenfunctions of L.

@ Hence by Elliptic regularity theorem, Ql/(\f)‘ is real analytic. So,
Q) A = 0 which is true for all k > 0.

@ So, 2 =0 for all A. Therefore, f = 0.
e Chernoff’s theorem for Ag

Theorem (de Jeu, Ann. of Prob.)

Let u be a finite positive Borel measure on R" for which all the moments
MY (m) = [g xMdp(x), m > 0 are finite. If we further assume that the
moments satisfy the Carleman condition

) Ipadint MU)(2m)’1/2’" = o0, j=1,2,...,n, then polynomials are dense in
LF(R", dje), 1 < p < oo.

P. Ganguly Uncertainty principle



Chernoff's theorem for Ag

Under the assumption that
il _1
Y. 1AZg]l, " = oo, g(r,t) =0, (r,t) €U
m=1

we have to show g = 0.

P. Ganguly Uncertainty principle



Chernoff's theorem for Ag

Under the assumption that
il _1
Y. 1AZg]l, " = oo, g(r,t) =0, (r,t) €U
m=1

we have to show g = 0.
@ We define a measure pg on R2 supported on the Heisenberg fan

Q:={(A, 2k+n)|A]): A € R, k € N}

in such a way that

Joo 00 =) dusxy) = [ ol y)dps(xy).
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Chernoff's theorem for Ag

Under the assumption that
il _1
Y. 1AZg]l, " = oo, g(r,t) =0, (r,t) €U
m=1

we have to show g = 0.
@ We define a measure pg on R2 supported on the Heisenberg fan

Q:={(A, 2k+n)|A]) : A € R, k € N}
in such a way that
[ 00 =y)dns(y) = [ g(x.y)dng(x,y).
Even moments can be estimated as

MU (2m) < 3| AT gl 12(5) + B8l 2(s)
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Chernoff's theorem for Ag

Under the assumption that
il _1
Y. 1AZg]l, " = oo, g(r,t) =0, (r,t) €U
m=1

we have to show g = 0.
@ We define a measure pg on R2 supported on the Heisenberg fan

Q:={(A, 2k+n)|A]) : A € R, k € N}
in such a way that
[ 00 =y)dns(y) = [ g(x.y)dng(x,y).
Even moments can be estimated as

MU (2m) < 3| AT gl 12(5) + B8l 2(s)

@ Carleman condition for As would imply the Carleman condition for
the even moments.—the hypothesis of de Jeu's theorem is satisfied!
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Chernoff's theorem for Ag

Under the assumption that
il _1
Y. 1AZg]l, " = oo, g(r,t) =0, (r,t) €U
m=1

we have to show g = 0.
@ We define a measure pg on R2 supported on the Heisenberg fan

Q:={(A, 2k+n)|A]): A € R, k € N}

in such a way that

Joo 00 =) dusxy) = [ ol y)dps(xy).
Even moments can be estimated as

MU (2m) < 3| AT gl 12(5) + B8l 2(s)

@ Carleman condition for As would imply the Carleman condition for
the even moments.—the hypothesis of de Jeu's theorem is satisfied!

o Finally, using the density of polynomials in L!(IR?) and g = 0 on U,
we can show that g = 0.
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Towards Ingham’s theorem on the Heisenberg group

Theorem (Bagchi-Ganguly-Sarkar-Thangavelu)

Assume that © is a positive decreasing function on [0, o0), vanishing at
infinity for which [{° ©(t) t~dt < co. Then we can construct a
compactly supported nontr/wa/ smooth radial function f on H" whose
Fourier transform satisfies the estimate

F(A)*F(1) < Cem2VHM O(/H)

where H(A) = —A + A?|x|? is the scaled Hermite operator.
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Towards Ingham’s theorem on the Heisenberg group

Theorem (Bagchi-Ganguly-Sarkar-Thangavelu)

Assume that © is a positive decreasing function on [0, o0), vanishing at
infinity for which [{° ©(t) t~dt < co. Then we can construct a
compactly supported nontr/wa/ smooth radial function f on H" whose
Fourier transform satisfies the estimate

F(A)*F(1) < Cem2VHM O(/H)

where H(A) = —A + A?|x|? is the scaled Hermite operator.

Q Let f;:= Pf2nX B(0,Ap;) and gj := (2T ) X(_szysz). Suppose
Fi(z.t) == fi(2)g;(t).
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Towards Ingham’s theorem on the Heisenberg group

Theorem (Bagchi-Ganguly-Sarkar-Thangavelu)

Assume that © is a positive decreasing function on [0, o0), vanishing at
infinity for which [{° ©(t) t~dt < co. Then we can construct a
compactly supported nontr/wa/ smooth radial function f on H" whose
Fourier transform satisfies the estimate

F(A)*F(1) < Cem2VHM O(/H)

where H(A) = —A + A?|x|? is the scaled Hermite operator.

Q Let f —pj "XB(0,Ap;) and g} := (2T) X(-2.72): Suppose
Fj(Z,t) = ﬂ( ) J( ) f:=F xFxF3x*x...

@ f is Heisenberg radial and hence (1) = Y%, R} (f)Pk(A). Also

\Rk\(f) ‘2 < Cef2\/(2k+n)\/\\®(\/(2k+n)\/\\)_
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Let g € Cc(R) whose Euclidean Fourier transform satisfies the estimate

12(A)] < Ce~MOUAD WA € R. (Thanks to Ingham!)
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Let g € Cc(R) whose Euclidean Fourier transform satisfies the estimate
12(A)] < Ce~MOUAD WA € R. (Thanks to Ingham!)

Then the function F(z,t) = [ f(z,t —s)g(s)ds satisfies the condition

ﬁ(A)*/F\(A) < C672|M® [A] 72\/ A)©O(y/H(A))

P. Ganguly Uncertainty principle



Let g € Cc(R) whose Euclidean Fourier transform satisfies the estimate
18(A)] < Ce”MOUAD vA € R. (Thanks to Ingham!)

Then the function F(z,t) = [ f(z,t —s)g(s)ds satisfies the condition

I?(A)*/?(A) o—21A0(|A]) 72\/7(9 \/W

For 6 > 0, consider Fy(z, t) := 6~ (2"2)F(§=12,672t), (z,t) € H".
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Let g € Cc(R) whose Euclidean Fourier transform satisfies the estimate
12(A)] < Ce~MOUAD WA € R. (Thanks to Ingham!)

Then the function F(z,t) = [ f(z,t —s)g(s)ds satisfies the condition

I?(A)*/?(A) o—21A0(|A]) 72\/7(9 \/W

For 6 > 0, consider Fy(z, t) := 6~ (2"2)F(§=12,672t), (z,t) € H".

Then
F5(A)*F5(A) < Ce 2V HN) Os(/(H(A)) g=2IA1O5(|A])
where @5(A) = 6@(AS) which inherits the properties of ©.
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Let g € Cc(R) whose Euclidean Fourier transform satisfies the estimate
12(A)] < Ce~MOUAD WA € R. (Thanks to Ingham!)

Then the function F(z,t) = [ f(z,t —s)g(s)ds satisfies the condition

I?(A)*/?(A) o—21A0(|A]) 72\/7(9 \/W

For 6 > 0, consider Fy(z, t) := 6~ (2"2)F(§=12,672t), (z,t) € H".
Then
Es(A)*F5(A) < Ce 2VHA) Os(v/(H(A)) o=212185(|A])

where @5(A) = 6@(AS) which inherits the properties of ©. Moreover,
{Fs}s>0 forms an approximate identity!
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Let ©(A) be a nonnegative function on [0, c0) such that it decreases to
zero when A — oo and satisfies the conditions [;” ©(t)t 1dt = co. Let f
be an integrable function on IH" whose Fourier transform satisfies the
estimate

F(A)*F(A) < Ce 2MOIM) g=2V/HINOVH(A)) ) £ ¢,

Then f cannot vanish on any nonempty open set unless it is identically
zero.

Sketch of proof:
@ Using the Plancherel formula we have

18R 13 = [ IFQ)HO) + 22 BslAldA.
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Let ©(A) be a nonnegative function on [0, c0) such that it decreases to
zero when A — oo and satisfies the conditions [;” ©(t)t 1dt = co. Let f
be an integrable function on IH" whose Fourier transform satisfies the
estimate

F(A)*F(A) < Ce 2MOIM) g=2V/HINOVH(A)) ) £ ¢,

Then f cannot vanish on any nonempty open set unless it is identically
zero.

Sketch of proof:
@ Using the Plancherel formula we have

18R 13 = [ IFQ)HO) + 22 BslAldA.

@ Under the assumption that @(A) > cA~1/? we obtain the estimate
m >2m

m < 2m
8737l < 7 (5

for some constant C > 0.
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Afiflla < C2M (i)
8§72 < € (g ms)
for some constant C > 0.
o As t~1O(t) is not integrable over [1, ) it follows that
4
Zoo o(m*)
m

1 = 00 and hence from the above we have

0 _ 1
Y IAff]ly > = co.
m=1

So, by Chernoff's theorem f vanishes identically.
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m < 2m m 2m
I85fll2 < " (gimas)

for some constant C > 0.
o As t~1O(t) is not integrable over [1, ) it follows that
4
Zoo o(m*)

m=1 —m— = o0 and hence from the above we have

0 _1
Y IAff]ly > = co.
m=1

So, by Chernoff's theorem f vanishes identically.

@ To remove the extra assumption on ©, take O(A) = (1 +A2)~1/4
then there exists compactly supported radial function g on H" with
Ingham type decay.
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Afifll2 < 2 ()"
8§72 < € (g ms)
for some constant C > 0.

o As t~1O(t) is not integrable over [1, ) it follows that

o Om') _ o and hence from the ab h
Ym—1 —m— = 0 and hence from the above we have

0 _1
Y IAff]ly > = co.
m=1

So, by Chernoff's theorem f vanishes identically.

@ To remove the extra assumption on ©, take 0(A) = (1 + A2)71/4,
then there exists compactly supported radial function g on H" with
Ingham type decay. Let gs(z, t) = 62" g (5712, 672¢). Then
the function f * g5 satisfies

f/*\gg()\)*@s(/\) < Ce 2 HA)¥s(y/ (H(A)) g=2|A[¥s(]A])

where ¥5(A) = ©(A) + 605(A) for which the extra condition viz.
Y5(A) > cs|A| 72, |A| > 1 holds.
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@ So, the Fourier transform of the function f * g5 satisfies
@(A)*@(A) < Ce 2VHWY5( (H()) o=2A¥5(]A)

with ¥5(A) > cs|A| 712, |A| > 1.

o Further, we can arrange that supp(g) C By (0,a/2) and a
consequence, f * gs vanishes on Byy(0,6a/2) for all 0 < 6 < 1.
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@ So, the Fourier transform of the function f * g5 satisfies
@(A)*@(A) < Ce 2VHWY5( (H()) o=2A¥5(]A)

with ¥5(A) > cs|A| 712, |A| > 1.

o Further, we can arrange that supp(g) C By (0,a/2) and a
consequence, f * gs vanishes on Byy(0,6a/2) for all 0 < 6 < 1.
@ Hence fxgs =0for 0 <6 < 1.
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@ So, the Fourier transform of the function f * g5 satisfies
@(A)*@(A) < Ce 2VHWY5( (H()) o=2A¥5(]A)

with ¥5(A) > cs|A| 712, |A| > 1.
o Further, we can arrange that supp(g) C By (0,a/2) and a
consequence, f * gs vanishes on Byy(0,6a/2) for all 0 < 6 < 1.
@ Hence fxgs =0for 0 <6 < 1.

@ Since {gs}s is an approximate identity, letting & go to zero, we
conclude that f = 0.
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@ So, the Fourier transform of the function f * g5 satisfies
@(A)*@(A) < Ce 2VHWY5( (H()) o=2A¥5(]A)

with ¥5(A) > cs|A| 712, |A| > 1.
o Further, we can arrange that supp(g) C By (0,a/2) and a
consequence, f * g5 vanishes on Byy(0,da/2) for all 0 < § < 1.
@ Hence fxgs =0for 0 <6 < 1.

@ Since {gs}s is an approximate identity, letting & go to zero, we
conclude that f = 0.

e Open question:

@ Is it possible to prove a weaker analogue of Chernoff’'s theorem for
the sublaplacian?
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@ So, the Fourier transform of the function f * g5 satisfies
@(A)*@(A) < Ce 2VHWY5( (H()) o=2A¥5(]A)

with ¥5(A) > cs|A| 712, |A| > 1.

o Further, we can arrange that supp(g) C By (0,a/2) and a
consequence, f * gs vanishes on Byy(0,6a/2) for all 0 < 6 < 1.

@ Hence fxgs =0for 0 <6 < 1.

@ Since {gs}s is an approximate identity, letting & go to zero, we
conclude that f = 0.

e Open question:

@ Is it possible to prove a weaker analogue of Chernoff’'s theorem for
the sublaplacian?

@ Is it possible to prove an exact analogue of Chernoff's theorem for
the full Laplacian or the sublaplacian?
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