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@ In this talk, | shall discuss some analogues of Mihlin-Hérmander
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@ In this talk, | shall discuss some analogues of Mihlin-Hérmander
multiplier type theorems for pseudo-multipliers associated with
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defined by
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Tnf () = [ m(©)F(€)e™< de.

for suitable functions f on R”, where f stands for the Fourier
transform of f.
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@ In this talk, | shall discuss some analogues of Mihlin-Hérmander
multiplier type theorems for pseudo-multipliers associated with
Grushin operators.

@ In order to motivate our work, let me first do a short survey on
related results in the Euclidean space.

@ The Fourier multiplier operator T, associated to m € L* (R") is
defined by

n

Tnf () = [ m(©)F(€)e™< de.

for suitable functions f on R”, where f stands for the Fourier
transform of f.

@ By the use of the Plancherel Theorem it is easy to see that T, is
bounded on L2(R").
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Mihlin-Hormander multiplier theorem

e For p # 2, we need some regularity on m for T,, to be bounded on
LP(R™).
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Mihlin-Hormander multiplier theorem

e For p # 2, we need some regularity on m for T,, to be bounded on
LP(R™).

Theorem (Mihlin-Hérmander multiplier theorem)

Let m be a smooth function such that
|08 m(&)] Sa (1 + €)1

for all o« € N" such that |a| < [n/2] 4+ 1. Then the operator T, is
bounded on LP(R") for 1 < p < oc.
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Pseudo-differential operators on the Euclidean space

@ The pseudo-differential operator m(x, D) associated to
m € L (R" x R") is defined by

mix. D)F(x) = | mix, )F()e™ d.

for suitable functions f on R".
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Pseudo-differential operators on the Euclidean space

@ The pseudo-differential operator m(x, D) associated to
m € L (R" x R") is defined by

mix. D)F(x) = | mix, )F()e™ d.

for suitable functions f on R".

e me L™ (R" x R") is not sufficient to guarantee the boundedness of
the operator m(x, D) on L?(R™).
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Definition (Symbol class S7 ;)
For any o € R and p,d > 0, we define

Sps = {m € C*(R" xR"):

B0g m(x, €)| Sap (1 + [€])Al+A,
Va,5€N"}.

v
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Definition (Symbol class S¢5)
For any o € R and p,d > 0, we define

00 = {m € C*(R" xR"):

B0g m(x, €)| Sap (1 + [€])Al+A,
Va,5€N"}.

v

Theorem (Calderén-Vaillancourt, 1971)

Let m € 52’5, with 0 <6 < p <1, # 1. Then the operator m(x, D),
initially defined on S(R"), extends to a bounded operator from L2(R") to
itself.
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Weighted Boundedness on Euclidean space

Definition (A, class)
@ Let 1 < p < oo. A weight w is said to be in class A, if

[W]a, = SL(J\)p (ﬁ/o w dx) (ﬁ/«) wlpldx)p_1 < 00,

where the supremum is over all cubes with sides parallel to
coordinates axes.

@ A weight w is said to be in class A; if

wha, = sup (g7 [ w d) 1w e < o0

where the supremum is over all cubes with sides parallel to
coordinates axes.
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@ In 1982, Miller studied the boundedeness of the pseudo-differential
operator m(x, D) on LP(w).

Theorem (N. Miller, 1982)

Let m be such that

020 m(x,€)| Sas (1-+ 1€,

for all ., 5 € N" such that || < n+1, |B| < 1. Also assume that
m(x, D) is bounded on L?(R"). Then for 1 < p < oo, m(x, D) has a
bounded extension to LP(w) for w € Ap,.

Riju Basak 17th DMHA January 5-8, 2022 7/27



@ Recently, D. Beltran and L. Cladek have proved sparse domination
results for pseudo-differential operators on R".
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@ Recently, D. Beltran and L. Cladek have proved sparse domination
results for pseudo-differential operators on R".

@ There are LP boundedness results for pseudo-multipliers for the set up
beyond Euclidean spaces.

» Heisenberg group : H. Bahouri-C. Fermanian-Kammerer-I.
Gallagher (2012).

» Graded Lie group: V. Fischer-M. Ruzhansky, "Quantization on
nilpotent Lie groups".

» Compact Lie group : M. Ruzhansky - V. Turunen,
"Pseudo-differential operators and symmetries".

» Homogeneous space associated with a class of self adjoint operator
F. Bernicot and D. Frey (2014).
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Hermite operator

@ The Hermite operator H on R” is given by
H=—A+|x|?

where A stands for the standard Laplacian on R".
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Hermite operator

@ The Hermite operator H on R” is given by
H=—A+|x|?

where A stands for the standard Laplacian on R".
@ The spectral resolution of H is given by
H="> (2k+ n)Py
k=0

where Py stands for the orthogonal projection of L?(R") onto the
eigenspace for the Hermite operator corresponding to the eigenvalue
2k + n.
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Pseudo-multipliers associated to Hermite operator

e Given m € L* (R"” x N), one can (densely) define the Hermite
pseudo-multiplier on L?(R") by

m(x, H) := Z m(x, 2k + n)Px.
k=0
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Pseudo-multipliers associated to Hermite operator

e Given m € L* (R"” x N), one can (densely) define the Hermite
pseudo-multiplier on L?(R") by

(e 9]

m(x, H) := Z m(x, 2k + n)Px.
k=0

@ In 1996, Epperson first studied the Hermite pseudo-multipliers. He
proved LP-boundedness results for the operator m(x, H) in dimension
n=1.
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Pseudo-multipliers associated to Hermite operator

e Given m € L* (R"” x N), one can (densely) define the Hermite
pseudo-multiplier on L?(R") by

o0
m(x, H) := Y m(x, 2k + n)Py.
k=0

@ In 1996, Epperson first studied the Hermite pseudo-multipliers. He
proved LP-boundedness results for the operator m(x, H) in dimension
n=1.

@ In 2015, Bagchi and Thangavelu studied the same problem in higher
dimensions. They actually prove weighted boundednes results for
these operators.
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Results for Hermite pseudo-multipliers
1> 2.

o Let Agm(x, k) = m(x, k +1) = m(x, k), and Alym = Ag(ALm),

=] & = E 2ENE
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Results for Hermite pseudo-multipliers

o Let Agm(x, k) = m(x, k+1) = m(x,k), and Alym = Ag(Al5 m)
1 >2.

Theorem (Bagchi-Thangavelu, 2015)

Assume that the Hermite pseudo-multiplier m(x, H) is bounded on L?(R™).
Suppose sup,cgn [Alm(x, k)| < G2k +n)~! for I =1,2,...,[n/2] +1.
And also assume that partial derivatives (%jm(x, k) satisfy same estimates
for | =1,2,...,|n/2]. Then for any2 < p < oo and w € A,, we have

/ m(x, HYFCIP wix) dx < C / FGA|P wiox) dx
Rn Rn

for all f € LP(R", wdx).
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Results for Hermite pseudo-multipliers

o Let Agm(x, k) = m(x, k+1) = m(x,k), and Alym = Ag(Al5 m)
1 >2.

Theorem (Bagchi-Thangavelu, 2015)

Assume that the Hermite pseudo-multiplier m(x, H) is bounded on L?(R™).
Suppose sup,cgn [Alm(x, k)| < G2k +n)~! for I =1,2,...,[n/2] +1.
And also assume that partial derivatives (%jm(x, k) satisfy same estimates
for | =1,2,...,|n/2]. Then for any2 < p < oo and w € A,, we have

/ m(x, HYFCIP wix) dx < C / FGA|P wiox) dx
Rn Rn

for all f € LP(R", wdx).

V.

@ By increasing the values of / upto n+ 1, they also prove that m(x, H)
is bounded on LP(R", wdx) for 1 < p < 0o, w € Ap.
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Grushin operators

e For any s € N, the Grushin operator G,, on R™*™ s given by
G% = —AX/ — |X/|2%AX//,

where A, Ay~ are standard Laplacians on R™ and R"™ respectively.
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Grushin operators

e For any s € N, the Grushin operator G,, on R™*™ s given by
G% = —AX/ — |X/|2%AX//,
where A, Ay~ are standard Laplacians on R™ and R"™ respectively.

@ Consider the following first order gradient vector fields:

0 .
I and Xa’kzx’a—,/, for1<j<im,1<k<m
% Xk

and o € N™ with |a| = .

Xj:
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Grushin operators

e For any s € N, the Grushin operator G,, on R™*™ s given by
G% = —AX/ — |X/’2%AX//,
where A, Ay~ are standard Laplacians on R™ and R"™ respectively.

@ Consider the following first order gradient vector fields:

0 .
I and Xa’kzx’a—,/, for1<j<im,1<k<m
% Xk

and o € N™ with |a| = .

Xj:

o We denote the gradient vector field (Xj, Xo,k)1<j<n, 1<k<ny, |a|=5 bY
X.
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operator.

@ Let us denote by d the control distance associated with the Grushin

=] 5 = E DA
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@ Let us denote by d the control distance associated with the Grushin
operator.

o Let B(x,r):={y e R™™™ : d(x,y) < r} and |B(x, r)| denotes the
(Lebesgue) measure of the ball B(x,r). Then

|B(x, r)| ~ r™T™max{r, |x'|}*™,

for all x € R+ and r > 0.
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@ Let us denote by d the control distance associated with the Grushin
operator.

o Let B(x,r):={y e R™™™ : d(x,y) < r} and |B(x, r)| denotes the
(Lebesgue) measure of the ball B(x, r). Then

|B(x, r)| ~ r™T™max{r, |x'|}*™,

for all x € R+ and r > 0.

@ The above implies that the space (R™"" d,|-|) is a homogeneous
metric space, that is, the underlying measure satisfies the following
doubling condition

|B(x, 57)| Sy (1+5)C|B(x, 1)
for s > 0, where @ denotes the homogeneous dimension

n + (1 + 2»)ny.
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Spectral decomposition of Grushin operator

@ For Schwartz class function f, we can write
G..f(x) = / e X H () ANX) dA,
R"2

where H,,(\) = —A, + |>\|2|X'|2” and f)‘(X') _ fR f(X’,X”)ei)"x" dx""
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Spectral decomposition of Grushin operator

@ For Schwartz class function f, we can write
G%f(X) _ / e—i)\.xl/ H%()\)f)\(x/) d)\,
R

where H,(\) = —A, + [A?|xX/[? and FA(X') = [ F(x, x")e A" dx”.

@ Using the spectral decomposition of the operator H,.()\), one can
write the the spectral decomposition of the Grushin operator G,, as
follows:

G.f(x) = /R e S PPN () A
keN
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Spectral decomposition of Grushin operator

@ For Schwartz class function f, we can write
G%f(X) _ / efi)\.X//H%()\)f)\(X/) d)\,
R

where H,(\) = —A, + [A?|xX/[? and FA(X') = [ F(x, x")e A" dx”.

@ Using the spectral decomposition of the operator H,.(\), one can
write the the spectral decomposition of the Grushin operator G,, as
follows:

G.f(x) = /R e S PPN () A
keN

@ Given a bounded measurable function m on R™*™ x R, , we consider
the Grushin pseudo-multiplier m(-, G,.), defined by

mx, GG = [ &30 m (5, 1) PP () 0
keN

for Schwartz class functions f on R™*"2,
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Symbol class for Grushin pseudo-multipliers
Definition

For any o € R and p,d > 0, define the symbol class SZ(S(G%) to be the set
of all functions m € C* (R™*™ x R, ) which satisfy the following

estimate:

‘Xra'llm(X”?)’ <rs(1+ n)%—(1+p)§+5@

for all € N™ and / € N. Here ng = n; + nz(%j,rln_lfl)-
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Symbol class for Grushin pseudo-multipliers
Definition

For any o € R and p,d > 0, define the symbol class Sgé(G%) to be the set
of all functions m € C* (R™*™ x R, ) which satisfy the following
estimate:

Z I
‘Xra,’]m(x’n)’ <r;(1+ T’)E—(l—}—p)é_;’_(;%

for all ' € N™ and / € N. Here ng = n; + ,,2(%+n1—1)_

n1—1

Recently, Bagchi and Garg studied the Grushin pseudo- multipliers for the
case > = 1. They proved an analogue of Calderén-Vaillancourt type
theorem for the Grushin pseudo-multipliers.
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Symbol class for Grushin pseudo-multipliers
Definition

For any o € R and p,d > 0, define the symbol class S;)’,(;(G%) to be the set
of all functions m € C* (R™*™ x R, ) which satisfy the following
estimate:

‘Xra,’]m(x’n)’ <ry (1+ n)%—(1+p)§+5@

for all € N™ and / € N. Here ng = n; + nz(%j,rlil;l)-

Recently, Bagchi and Garg studied the Grushin pseudo- multipliers for the
case > = 1. They proved an analogue of Calderén-Vaillancourt type
theorem for the Grushin pseudo-multipliers.

Theorem (Bagchi-Garg, 2021)

Let m e Sg,é(G) for some 0 < 0 < p < 1. Then the operator m(x, G)
extends to a bounded on L?(R™*"2) to jtself.

™ (mid —y = I
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Main result

Theorem (Bagchi-B.-Garg-Ghosh, 2021)
Let m:RM*™™ x R, — C be such that forall 0 <1< Q+1

ol m(x, )| Sry (1 +7)7"

Assume also that the pseudo-multiplier operator m(x, G,,) is bounded on
L2(R™m*"2). Then m(x, G,,) is of weak type (1,1) and as a consequence
m(x, G,,) : LP(R™*T7) — [P(R™*™) js bounded for 1 < p < 2.
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Sparse operator
o Let S be a family of dyadic cubes.
Definition

We say a family of sets S C S is n-sparse, 0 < n < 1, if for every Q € S
there exists a set Eg C Q such that |Eg| > 1|Q| and the sets {Eg}oes

are pairwise disjoint.
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Sparse operator
o Let S be a family of dyadic cubes.
Definition

We say a family of sets S C S is n-sparse, 0 < n < 1, if for every Q € S
there exists a set Eg C Q such that |Eg| > 1|Q| and the sets {Eg}oes

are pairwise disjoint.

@ For a sparse family S and 1 < r < oo, we consider the sparse operator

defined as following

Aust)= 3 (17 717) el
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Sparse operator
o Let S be a family of dyadic cubes.
Definition

We say a family of sets S C S is n-sparse, 0 < n < 1, if for every Q € S
there exists a set Eg C Q such that |Eg| > 1|Q| and the sets {Eg}oes

are pairwise disjoint.

@ For a sparse family S and 1 < r < oo, we consider the sparse operator

defined as following

Asf(x) =Y (@ /] |f|r>1xg(><)-

Qes

@ Then for r < p < oo, w € A,/ (R™"™) and f € LP(R™+™, w) we
have o L
A sfllew) S [W]Ap Rnfﬁn; ||f||Lp(W)
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Sparse domination result

@ For any sublinear operator T, the grand maximal truncated operator
M% _is defined by

ME F(x)= sup  sup [T(Fxmmem\sp)(y) = T(Fxmmms8)(2)].
BeS: Bax y,zeB
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Sparse domination result
@ For any sublinear operator T, the grand maximal truncated operator

M#S is defined by

ME F(x)= sup  sup |T(Fxpmem\sg)(y) = T(Fxrmems8)(2)]-
BeS: Bax y,zeB
Theorem (Lerner-Ombrosi, 2020; Lorist, 2021)

Let T be a sublinear operator of weak-type (p, p) and Mﬁ o Is weak type

2
(g,9), where1 < p,q < oo and s > 3—§4. Let r = max{p, q}. Then for
every compactly supported bounded measurable function f, there exist a
n-sparse family S C S such that

| Tf(x)| < CA,sf(x)

for almost every x.

v
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Weighted boundedness results

Theorem (Bagchi-B.-Garg-Ghosh, 2021)
For a fixed 0 < § < 1, let m € L>® (R™*"™ x R, ) be such that

Oy m(,m)| < (L +n)™, forall 1<(Q/2] +1,

and

X Ohmlxn)| <i5 (L+a) "3, forall 1< |Q/2).

Assume also that the operator T = m(x, G,,) is bounded on L?(R™*"2),

Then, for every compactly supported bounded measurable function f there
exists a sparse family S C S such that

| TF(x)| ST Az sf(x),

for almost every x € RM*"2,
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Weighted boundedness results
Theorem (Bagchi-B.-Garg-Ghosh, 2021)
For a fixed 0 < § < 1, let m € L>® (R™*"™ x R, ) be such that

‘@Qm(x,n)‘ < (A+n)7!, forall 1< Q+1,

and

Xxﬁl]m(x,n)‘ <15 (1+ 77)_’+%, for all |1 < Q.
Assume also that the operator T is bounded on L?(R™*"2). Then, for
every compactly supported bounded measurable function f there exists a

sparse family S C S such that

| TF(x)| ST Ausf(x),

for almost every x € RM*"2,

Riju Basak 17th DMHA January 5-8, 2022 20/27



General operator T

@ Choose and fix ¢g € C°((—2,2)) and ¥1 € C°((1/2,2)) such that
for all n > 0 we have 0 < vo(n),¢1(n) <1, and

S ) = 1
j=0

where ;(n) = 11 (2_U_l)n> for j > 2.
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General operator T

@ Choose and fix ¢g € C°((—2,2)) and ¥1 € C°((1/2,2)) such that
for all n > 0 we have 0 < (1), ¥1(n) <1, and

S u(n) = 1
j=0

where 9j(n) = 1 (2_(j_1)17) for j > 2.

e Given T € B (L2(R™*")), we break it into a countable sum of
operators as follows. For each j € N, let us define

Tj=1T5

where S;'s are the Grushin multiplier operators S; = 1;(G,.). Then,
we have T =} T; with convergence in the strong operator topology
of B (L2(R™*M2)).
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[2-conditions on the kernel

We denote the kernel of the operator T; by T;(x,y).

o = = £ DA
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[2-conditions on the kernel

We denote the kernel of the operator T; by Tj(x,y).

There exists some Ry € (0, 00) such that for all v € [0, Ry] and for every
compact set A C R™*™ we have

o
B(x,279/ d(x, ¥)*| Ti(x, y)* dy Sgr, 27
sup | (Xv )| (Xay) | J(Xay)l Y SRe 5
xERM+M2 RMtm
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[2-conditions on the kernel

We denote the kernel of the operator T; by Tj(x,y).

There exists some Ry € (0, 00) such that for all v € [0, Ry] and for every
compact set A C R™*™ we have

o
B(x,279/ d(x, ¥)*| Ti(x, y)* dy Sgr, 27
sup | (Xv )| (Xay) | J(Xay)l Y SRe )
xERM+M2 RMtm
(o}
sup [B(x,272)] [ dlxyPIXTilxy) P dy Spon 2772
xERM M A
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Theorem (Bagchi-B.-Garg-Ghosh, 2021)

Let T € B (L>(R™mT™)). Suppose that the integral kernels T;(x,y) satisfy
conditions (1) and (2) for some Ry > Q/2. Then, we have the following
pointwise almost everywhere estimate

M#,sf(x) ST, Maf(x),

for every bounded measurable function f with compact support.
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Lemma (Bagchi-B.-Garg-Ghosh, 2021)
For2 < p < oo and every t > 0 and € > 0, we have

|B(X, R71)|1/2 H|B(’ R71)|1/271/P (1 + Rd(X, '))tX)[Km(x,G,{)(Xv )Hp

Sresesup Y RIMIXZm(xo, R?)[lwes,.
X0 ry4ro=r

for all T € N™ and for every bounded Borel function m : R™T™ x R — C
whose support in the last variable is in [0, R?] for any R > 0.
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