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What is Pseudo-Differential Operator?

Recall a partial differential operator Ppx ,Dq on Rn is given by

Ppx ,Dq �
¸

|α|¤m

aαpxqDα,

where the coefficients aαpxq are smooth and bounded functions
defined on Rn.

Let us take any function φ in SpRnq and now

pPpx ,Dqφqpxq �
¸

|α|¤m

aαpxqpDαφqpxq

�
¸

|α|¤m

aαpxq{pDαφq_pxq

�
¸

|α|¤m

aαpxqpξαpφq_pxq.
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What is Pseudo-Differential Operator?

pPpx ,Dqφqpxq �
¸

|α|¤m

aαpxqp2πq�n{2
»
Rn

exppix � ξqξαpφpξqdξ
� p2πq�n{2

»
Rn

� ¸
|α|¤m

aαpxqξα
	

exppix � ξqpφpξqdξ
� p2πq�n{2

»
Rn

Ppx , ξq exppix � ξqpφpξqdξ.

Example 1

Let P be the symbol defined by

Ppx , ξq � c expp�|ξ|2q,

for all ξ in Rn and for some c ¡ 0. Then Ppx ,Dq is an pseudo-differential
operator, but not partial differential operator.
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Motivation

The same idea is used to define the ΨDOs on Tn,Zn, Heisenberg
group, graded Lie group, compact group, for unimodular groups,
affine group, Poincaré unit disk.

A basic result in theory of ΨDOs on Rn is that, if the symbol σ in
L2pRn � Rnq then the corresponding operator Tσ can be extended to
a bounded linear operator L2pRnq into L2pRnq and moreover it is a
Hilbert-Schmidt operator. The main result is to establish the
conditions on the symbol so that ΨDO is a Hilbert-Schmidt operator
on SIMp2q.
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Similitude Group SIMp2q

SIMp2q � tpb, a, θq : b P R2, a ¡ 0, 0 ¤ θ   2πu

pb, a, θq � pb1, a1, θ1q � pb � aRθb
1, aa1, θ � θ1q

e � p0, 1, 0q
pb, a, θq�1 � p�a�1R�θb, a�1,�θq.

Its left and right Haar measure given by

dµLpb, a, θq � dbdadθ

a3
, dµRpb, a, θq � dbdadθ

a
,

respectively, are different. The modular function on SIMp2q, denoted
by ∆ is given by

∆pb, a, θq � 1

a2
, pb, a, θq P SIMp2q.
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Unitary representation of SIMp2q

Let π : SIMp2q Ñ UpL2pR2qq be the mapping of SIMp2q into the
group UpL2pR2qq, of all unitary operators on L2pR2q is given by�

πpb, a, θqφ�pxq � ae�ib�xφpaR�θxq, x P R2,

for all pb, a, θq in SIMp2q and all φ in L2pR2q.

Theorem 2

π is the only infinite dimensional, irreducible and unitary representation of
SIMp2q.
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Fourier transform on SIMp2q

Let φ P L2pR2q. Define the function Dφ on R2 by,

pDφqpxq � }x}φpxq, (2.1)

and it can be verified that

∆pb, a, θq1{2Dπpb, a, θq � πpb, a, θqD, pb, a, θq P SIMp2q.

Let f P L1pSIMp2qq X L2pSIMp2qq and define the Fourier transform pf
of f on {SIMp2q � tπu by

ppf pπqφqpxq � »
SIMp2q

f pb, a, θqpπpb, a, θqDφqpxqdbdadθ
a3

,

for all φ P L2pR2q.
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Plancherel Formula

Theorem 3

Let f P L1pSIMp2qq X L2pSIMp2qq. Then pf pπq is a Hilbert Schmidt
operator with kernel given by

K f px , yq �
$&
%pF1f q

�
x ,

c
y � y
x � x , cos�1

�
x �y

}x}}y}




}x}
}y}2 , x � 0, y � 0

0, otherwise.

(2.2)
Moreover }pf pπq}2

HS � }f }2
L2pSIMp2qq
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Inversion Formula

Lemma 4

Df̂ pπqπpb, a, θq� is an integral operator with kernel

S f ,πpx ,wq � a}x}K f px ,R�θawqe ib�w , x ,w P R2,

where K f px , yq is defined in (2.2), and f P L2pSIMp2qq and z � pb, a, θq in
SIMp2q.

Next we obtained the Fourier inversion formula.

Theorem 5

Let f P L2pSIMp2qq. Then

f pb, a, θq � ∆pb, a, θq� 1
2 TrpDf̂ pπqπpb, a, θq�q,

for all pb, a, θq P SIMp2q.
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ΨDO on SIMp2q

Let σ : SIMp2q � {SIMp2q Ñ BpL2pR2qq be an operator valued symbol
such that

σppb, a, θq, πq P BpL2pR2qq, pb, a, θq P SIMp2q,

where BpL2pR2qq is the C�-algebra of all bounded linear operators
from L2pR2q into L2pR2q.

We define the pseudo-differential operator Tσ corresponding to the
operator valued symbol symbol, σ as;

pTσf qpb, a, θq � ∆pb, a, θq� 1
2 Tr
�
Dσpb, a, θ, πqf̂ pπqπpb, a, θq�

	
,

for all f P L2pSIMp2qq and pb, a, θq P SIMp2q.
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L2 � L2 Boundedness of ΨDO

Theorem 6

Let σ : SIMp2q � {SIMp2q Ñ BpL2pR2qq be an operator-valued symbol
such that for all pb, a, θq P SIMp2q, Dσpb, a, θq is an integral operator,
from L2pR2q into L2pR2q with kernel Sσpb,a,θ,πq in L2pR2 � R2q.
Furthermore, suppose the function G on SIMp2q defined by

G pb, a, θq � ∆pb, a, θq�1
2 }Sσpb,a,θ,πq},

is in L2pSIMp2qq. Then the pseudo-differential operator corresponding to
given symbol σ,

Tσ : L2pSIMp2qq Ñ L2pSIMp2qq
is a bounded operator and

}Tσ}BpL2pSIMp2qqq ¤ }G}L2pSIMp2qq.
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L2 � Lp Boundedness of ΨDO

Theorem 7

Let 2 ¤ p ¤ 8 and q be conjugate index of p, i.e.,

1

p
� 1

q
� 1.

Let σ : SIMp2q � tπu Ñ BpL2pR2qq be an operator valued symbol such
that for all pb, a, θq in SIMp2q

Dσpb, a, θ, πq P SqpR2q,

where D is the Duflo-Moore operator defined in 2.1 and the function G on
SIMp2q defined by

G pb, a, θq � ∆
1
2 }Dσpb, a, θ, πq}Sq P LppSIMp2qq.

Then the pseudo-differential operator Tσ : L2pSIMp2qq Ñ LppSIMp2qq is a
bounded linear operator.
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Theorem 8

Let σ : SIMp2q � {SIMp2q Ñ BpL2pR2qq be a symbol such that satisfies
assumption of the Theorem 6. Furthermore, suppose that

SIMp2q � {SIMp2q Q pb, a, θ, πq ÞÑ pDσpb, a, θ, πqπpb, a, θq� P S2 (2.3)

is weakly continuous. Then Tσf � 0 for all f in L2pSIMp2qq if and only if

σpb, a, θ, πq � 0 for almost all pb, a, θ, πq in SIMp2q � {SIMp2q.

Corollary 8.1

Let f P L2pSIMp2qq. Then pf pπq � Wσf ,

where
σf � p2πqF2TK

f ,

and T : L2pR2q Ñ L2pR2q is the unitary twisting operator defined by

pTgqps, tq � g
�
s � t

2
, s � t

2

	
, ps, tq P R� R.
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Theorem 9

Let σ : SIMp2q � {SIMp2q Ñ S2 be an operator valued symbol such that
the hypothesis of Theorem 8 are satisfied. Then the corresponding
pseudo-differential operator Tσ : L2pSIMp2qq Ñ L2pSIMp2qq is a
Hilbert-Schmidt operator if and only if

Dσpb, a, θ, πq � πpb, a, θqWταpb,a,θq , pb, a, θq P SIMp2q,

where ταpb,a,θqpx , yq � F�1
2 TKαpb,a,θqpx , yq, and

Kαpb,a,θqpx , yq �
$&
%F�1

1
αpb,a,θq

a

�
x ,

c
y � y
x � x , cos�1p x .y

}x}}y}q
	
, if x � 0, y � 0,

0, otherwise.

.

Also, α : SIMp2q Ñ L2pSIMp2qq is a weakly continuous mapping for which»
SIMp2q

}αpb, a, θq}2
L2pSIMp2qq

dbdadθ

a3
  8.
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Proof:

We first show the sufficiency part. Let f P SpSIMp2qq, Schwartz
space on SIMp2q.

pTσf qpb, a, θq � ∆pb, a, θq� 1
2 Tr
�
Dσpb, a, θ, πqf̂ pπqπpb, a, θq�

	
� ∆pb, a, θq� 1

2 Tr
�
πpb, a, θq�Dσpb, a, θ, πqf̂ pπq

	
� ∆pb, a, θq� 1

2 Tr
�
Wταpb,a,θqWσf

	
.

Tr
�
Wταpb,a,θqWσf

	
(2.4)

�
»
R4

ταpb,a,θqpx , yqσf px , yqdxdy

�
»
R4

F�1
2 TKαpb,a,θqpx , yqF2TK

f px , yqdxdy
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� 1

a

»
SIMp2q

αpb, a, θqpx , a1, θ1qf px , a1, θ1qdxda
1dθ1

a13
, (2.5)

So the kernel of Tσ is the function k on SIMp2q � SIMp2q given by

kpb, a, θ, b1, a1, θ1q � αpb, a, θqpb1, a1, θ1q, pb, a, θq, pb1, a1, θ1q P SIMp2q.
(2.6)

By Fubini’s theorem and Plancheral theorem,»
SIMp2q

»
SIMp2q

|kpb, a, θ, b1, a1, θ1q|2 dbdadθ
a3

db1da1dθ1

a13

�
»

SIMp2q

}αpb, a, θq}2
L2pSIMp2qq

dbdadθ

a3
  8.
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Conversely, suppose that Tσ : L2pSIMp2qq Ñ L2pSIMp2qq is a
Hilbert-Schmidt operator. Then there exists a function k in
L2pSIMp2q � SIMp2qq such that for all f in L2pSIMp2qq,

pTσf qpb, a, θq �
»

SIMp2q

kpb, a, θ, b1, a1, θ1qf pb1, a1, θ1qdb
1da1dθ1

a13
.

Let α : SIMp2q Ñ L2pSIMp2qq is a mapping defined by

αpb, a, θqpb1, a1, θ1q � kpb, a, θ, b1, a1, θ1q.

Reversing the sufficiency part, we get

pTσf qpb, a, θq � a
�

Tr
�
Wταpb,a,θqWσf

		
,

which gives
Dσpb, a, θ, πq � πpb, a, θqWταpb,a,θq ,

for pb, a, θq P SIMp2q.
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Theorem 10

Let α P L2pSIMp2q � SIMp2qq be such that»
SIMp2q

|αpb, a, θ, b, a, θq|dbdadθ
a3

  8.

Let σ : SIMp2q � {SIMp2q Ñ BpL2pR2qq be a symbol in preceeding
theorem. Then Tσ : L2pSIMp2qq Ñ L2pSIMp2qq is a trace class operator
and

TrpTσq �
»
SIMp2q

αpb, a, θ, b, a, θqdbdadθ
a3

.

Proof.

The proof follows from the formula (2.6) on the kernel of the
pseudo-differential operator in the proof of the preceding theorem.
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Theorem 11

Let σ : SIMp2q � {SIMp2q Ñ S2 be a symbol satisfying the hypothesis of
Theorem 8. Then pseudo-differential operator
Tσ : L2pSIMp2qq Ñ L2pSIMp2qq is a trace class operator if and only if

Dσpb, a, θ, πq � πpb, a, θqWταpb,a,θq ,

where α : SIMp2q Ñ L2pSIMp2qq is a mapping such that the conditions of
Theorem 9 (Hilbert-Schmidt Operator) are satisfied and

αpb, a, θqpb1, a1, θ1q �
»
SIMp2q

α1pb, a, θqpb2, a2, θ2q

α2pb2, a2, θ2qpb1, a1, θ1qdb
2da2dθ2

a23

for all pb, a, θq, pb1, a1, θ1q P SIMp2q. Here αi : SIMp2q Ñ L2pSIMp2qq,
i � 1, 2, are such that»

SIMp2q
}αi pb, a, θq}2

L2pSIMp2qq
dbdadθ

a3
  8, i � 1, 2.
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Weyl transform

The classical Weyl transform was first introduced by Herman Weyl, which
was arising in quantum mechanics. This theory has been vastly used in
PDE and physics. Weyl transforms are look like pseudo-differential
operators on Rn, or you can say a type of ΨDOs. But these are not same,
because former one is selfadjoint whereas other one is not. Weyl transform
were investigated in Heisenberg group, affine group, Poincaré unit disk,
locally compact abelian group. We investigated the Weyl transform on
polar affine group.
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Weyl Transform on Rn

Let σ be in L2pRn � Rnq. Then the Weyl transform
Wσ : L2pRnq Ñ L2pRnq corresponding to σ is defined by

xWσf , gyL2pRnq � p2πq�n{2
¼
R2n

σpx , ξqW pf , gqpx , ξqdxdξ,

for all f , g P L2pRnq, where W pf , gq is the Wigner transform of f and g , is
defined by

W pf , gqpx , ξq � p2πq�n{2
»
Rn

e�iξ�pf
�
x � p{2�g�x � p{2�dp, x , ξ P Rn.

The Fourier-Wigner transform V pf , gq of f and g , are in L2pRnq, is
defined by

V pf , gqpq, pq � p2πq�n{2
»
Rn

e iq�y f
�
y � p{2�g�y � p{2�dy , q, p P Rn.
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Weyl transform on SIMp2q

For all pb, a, θq in SIMp2q, there exists a unique element pb̃, ã, θ̃q P SIMp2q
such that

pb̃, ã, θ̃q � pb̃, ã, θ̃q � pb, a, θq.
Then

ã � ?
a, θ̃ � θ

2
, b̃ � 1

1 � a� 2
?
acos θ2

pb �?
aR�θ{2bq.

Denote, pb, a, θq1{2 �
�

1
1�a�2

?
acos θ

2

pb �?
aR�θ{2bq,

?
a, θ2

	
. With this

preparation, we are ready to define Fourier-Wigner transforms on SIMp2q.
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Let f , g P L2pSIMp2qq. We define the Fourier-Wigner transform

V pf , gq of f and g on {SIMp2q � SIMp2q as the mapping,

V pf , gq : {SIMp2q � SIMp2q Ñ BpL2pR2qq,

by

pV pf , gqpπ, ξqφqpxq �
»
SIMp2q

f pξ 1
2 �wqgpz�1 � ξ 1

2 qpπpwqDφqpxqdµLpwq,

for all φ P L2pR2q and ξ P SIMp2q, where the left Haar measure
dµLpwq � db1da1dθ1

a13
.

Let F ξ be a function on SIMp2q given by

F ξpwq � f pξ 1
2 � wqgpw�1 � ξ 1

2 q,

then
V pf , gqpπ, ξq � pFSIMp2qF ξqpπq.
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Define the vector space, L2
�{SIMp2q � SIMp2q,HSpL2pR2qq

	
, over C

by,

L2
�{SIMp2q � SIMp2q,HSpL2pR2qq

	
� tF |F : {SIMp2q � SIMp2q Ñ HSpL2pR2qqu,

where HSpL2pR2qq be the set of Hilbert-Schmidt operator from
L2pR2q to L2pR2q, and the inner product is defined by

xF ,Gy �
»

SIMp2q

TrpF pπ,wqG pπ,wq�qdµLpwq.

We then have the following Moyal identity.

Theorem 12

Let f1, f2, g1, g2 P L2pSIMp2qq. Then

xV pf1, g1q,V pf2, g2qyL2p{SIMp2q�SIMp2q,HSq � xf1, f2yL2pSIMp2qqxg1, g2yL2pSIMp2qq.
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Let f , g P L2pSIMp2qq. Then the Wigner transform W pf , gq of f and

g on SIMp2q � {SIMp2q is a mapping,

W pf , gq : SIMp2q � {SIMp2q Ñ BpL2pR2qq,

defined by

W pf , gqpw , πq � �FSIMp2q,2F�1
SIMp2q,1V pf , gq

�pw , πq.
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Let L2
�
SIMp2q � {SIMp2q,HSpL2pR2qq� be the space of measurable

functions F : SIMp2q � {SIMp2q Ñ HSpL2pR2qq such that

F pw , πq P HSpL2pR2qq, w P SIMp2qq.

Then for all F ,G P L2
�
SIMp2q � {SIMp2q,HSpL2pR2qq�, we define

the inner product of F and G by

xF ,Gy
L2
�
SIMp2q�{SIMp2q

� � »
SIMp2q

TrpF pb, a, θ, πqG pb, a, θ, πq�qdµLpb, a, θq.

Next we prove the following Moyal’s identity for the Wigner transform.

Theorem 13

Let f1, f2, g1, g2 P L2pSIMp2qq. Then

xW pf1, g1q,W pf2, g2qyL2
�
SIMp2q�{SIMp2q,HS

� � xf1, f2yL2pSIMp2qqxg1, g2yL2pSIMp2qq.
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Let σ : SIMp2q � {SIMp2q Ñ B
�
L2pR2q� be an operator-valued symbol.

Then the Weyl transform corresponding to the symbol σ is defined by

xWσf , gyL2pSIMp2qq �
»

SIMp2q

Tr pDσpb, a, θqW pf , gqpb, a, θ, πqq dµLpb, a, θq,

for all functions f and g in L2pSIMp2qq, where W pf , gq is the Wigner
transform of f and g defined earlier.

Theorem 14

Let σ : SIMp2q � {SIMp2q Ñ BpL2pR2qq be an operator valued symbol

such that Dσ P L2pSIMp2q � {SIMp2q,HSq, then
Wσ : L2pSIMp2qq Ñ L2pSIMp2qq is a bounded linear operator.
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