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Motivation

Quantum Computation main challenges:
finite temperature
experimental imperfections

Employ Topological Quantum Systems:

- Interacting: Fractional Quantum Hall Effect

- Non-interacting: Superconductivity (TSC)
Majorana fermions

Anyons e e

[Wilczek, Freedman, Wen, Bais, Wang, Kitaev,...]



Anyons
Dynamically trivial (H=0), but hard core.

*Only statistics:
Bosons W) > W)
3D
Fermions |V¥)— | V)
2D . W) — e |W)
- @ W) > U| W)
Anyons

Anyons: vortices with flux & charge (fractional).
Aharonov-Bohm effect [ Berry Phase.



Introduction

Majoranas are met in:

* High energy physics (3+1) dims:
elementary "real” fermions
« Condensed matter (2+1) dims:
quasiparticles, non-Abelian anyons
« Alternative representation of superconductors:
* 1 dim quantum wires (fermions, Ising spin-1/2)
[see also K. Sengupta talk next]
2 dims p-wave superconductors
[see also G. Baskaran talk next]

3 dims topological systems



Introduction

Majoranas: \
|
Fermions that are their own anti-particles ‘ o/

W +aly=2 AT=7 P =1

When they are restricted to 2 dims they also behave as
non-Abelian anyons
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Majoranas: O Dim

2 Majoranas = 1 normal fermion

U f_’YlJr’i’}@ f]u_’h—i’)/z
O—O1 = 2 N
------- ’ [+ rr=1

Fermionic mode occupation fJff = 0,1
S10)=11). f11)=[0). £]0)=0, f*[1)=

Introduce Hamiltonian:

H=-p(f f- —)———Wz




Majoranas: 1 Dim

Even number of Majoranas: quantum wire

Vi1 + 17Yi.2 Vi1 — 1752
f?, y fj :
2 2
2L
Hamiltonian of superconductor: H = Z LYk Y1
k=1

L [}

=) [W (f;ffﬂ *ﬁﬂff) = (fJTff B 1/2) i (Afffj“ *A*f;rﬂf;)]
j=1

[see also K. Sengupta talk next]



Majoranas: 1 Dim
c If w=A=0

L L
o 1
- _E Z% 17:,2 = _MZ(JC@TJC@ . 5)
i=1 i=1
O070:3070:10-0:0-0;00
L—1
c If w=A, p=0 H =w Z Vi,27i+1,1
i=1

Majoranas appear at the edge of the wire:

localised quasiparticles
Zero energy E=0



Majoranas: 1 Dim

Anyonic properties of Majorana fermions:

1

V1 < V2 a1, bi} = o
I“‘"""""""'"""} Fusion
==T-\----4-------r-4 1

b1y - 1by [H)a= EUOON + [11)s)
o — ! |00), = —(|00), — [11)5)
V3 a9 T4 \/_

Braiding U=al + by +cy3 +dyins

U = e Ayys = e (aras + aral + alas + alal)



Majoranas: 2 Dim

Kitaev's honeycomb lattice

AN
= S TR
s 11
* Analytically tractable: l\ /L /l

2D TSC of type D (PH symm./no TR-symm.)

It supports vortices that behave like Majorana fermions
(same as in 1 Dim)

[see also G. Baskaran talk next]



Majoranas: 2 Dim

Kitaev's honeycomb lattice

o= 3 - ®( ) e -E@sE) o

(P> D,)

 Chern number: v = i j S (é’pxSx é)Py S)dzp

* Particle-hole symmetry: \IITE «—> V_g



Majoranas: 2 Dim

A

Kitaev's honeycomb lattice & (P)
o AN \/

If -flux through the hole (vortex)

then zero energy mode is allowed. /\

PH-symmetry -> V. =Y . _ :single Majorana fermion.



Majoranas: 3 Dim

QQuestions:
* Can we build 3D TSC -- out of interacting Majoranas?
* What are the edge (surface) states?

Bonus:

« Unexpected robust 2D topological phase emerges.

PRL 114, 016801 (2015)



Majoranas: 3 Dim

Cubic lattice:

= 1 Z ViYj

(2,7)

. + 7
Fermions: a, = Vkd 5 T yu

=t/ t _ Vkd ~ Wku
a,k —
2

Superconducting Ham:

P T I T
Yp = (al,p>a1,—p’a2,p’a2,—p)




3D Model: symmetries

Impose:
» Time-reversal symmetry:

C%Rh*(_p)CTR = h(p) Ctr =0Y ®.]1
* Particle-hole symmetry:

Og’Hh*(_p)CPH = —h(p) Ceg =1 ®o*

—> Topological superconductor of type DIII



3D Model: winding number

h(p): Eigens |¢;(p)) and eigenv E;(p) for [ =1,....4

Define:
—2Z|¢z ’_ﬂ®ﬂ_(qT(()p) q%)))

Mapping 7> — S2. 3D version of Cherfi number.

1 B} _ _
Ui o | dpetr[(g0a9) (¢ Bog) (¢ Deq)]
2471' BZ

Well defined if E2(p) # ()
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3D Model: Topo phase

Energy gap Winding humber

cnergy gap | Phase Portrait for Winding Numbers

12

Vary some couplings -> topological phase transitions



3D Model: Topo phase

Periodic BC in all 3 directions Y = 1

periodic ends




3D Model: Boundaries

Periodic BC in only 2 directions v =1

5. -4

' Dy
Edge states emerge that manifest themselves as Dirac

cones. L R
V= rn’Edge nEdge



3D Model: Boundaries

Periodic BC in only 2 directions and v =1
boundary interactions that break
TR symm.

Edge states are gapped.
Does the surface support Majorana fermions?



3D Model: Boundaries

Chern number of bulk = Chern number of surface state

i B
V2D = Vayp T Vsp ‘VSD = vop = 1

1
T
Yap = 5 Topology encoded non-locally:

/////////////7////// If you shrink bulk to 2D then

system is actual type D
-> supports Majoranas

Bulk/boundary locking gives
protection against local
perturbations.




3D Model: Bulk-Boundary

Dirac description:
Sy = / d4mzﬁ(fy“8,_,, — m)zp
M

Couple to curvature integrate fermions:.

1 0 2
M.t _ 4 1% o X
St = 37682 /M A P (RE R ) .
R: Riemann tensor 0 = v3pm

Stokes' theorem:

1 0 2
(9M,t e 3 U\
S P — 5 To9.2 /é)Md x e tr(wuf)yw)\-Fgwuwyw}\)
@, spin connection. TSC of type D with v, =%= Vap




3D Model: Vortices

Vortex strings have Majoranas at their end points

Majoranas — >

___String
tension

Information protected by string tension: temperature
effects are suppressed, as endpoints attract each other
and annihilate (similar to classical storing of information)



Conclusions

3D TSCs provide a laboratory for probing new properties
of matter.

New physics and new technological applications

Lab for generating stable Majoranas:
* at surface
* at monopoles in the bulk(?)
 Stability against finite temperature



