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Spin wave interactions in the pyrochlore Heisenberg antiferromagnet
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We study the effect of magnon interactions on the spin wave spectra of the all-in-all-out phase of the
pyrochlore nearest neighbor antiferromagnet with a Dzyaloshinskii-Moriya interaction (D). The leading order
corrections to spin wave energies indicate a significant renormalization for commonly encountered strengths of
the Dzyaloshinskii-Moriya term. For low values of D we find a potential instability of the phase itself, indicated
by the renormalization of magnon frequencies to negative values. We have also studied the renormalized spectra
in the presence of magnetic fields along three high symmetry directions of the lattice, namely, the [111],
[100], and [110] directions. Generically, we find that for a fixed value of the Dzyaloshinskii-Moriya interaction
renormalized spectra for the lowest band decrease with an increasing strength of the field. We have also analyzed
the limits of the two-magnon continuum and probed the possibility of magnon decay. For a range of D and the
field strength we identify possible parameter regimes where the decay of the higher bands of the system are
kinematically allowed.
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I. INTRODUCTION

The study of the effects of interactions between magnons
is nearly as old as the description of magnons as the low-
est excitations in ordered magnets. After early descriptions
of spin waves as elementary excitations of ordered ferro-
magnets [1] and antiferromagnets [2,3], detailed analyses of
magnon interactions in both ferromagnets and antiferromag-
nets were presented [4–6]. Most of these early efforts were
focused on the effect of spin wave interactions in spin models
with collinear magnetic order, usually for lattices with cu-
bic symmetry and purely Heisenberg interactions. For such
cases, at least at low temperatures, it was concluded that the
phases could be described fairly accurately using noninteract-
ing magnons. For instance, the results for relevant physical
quantities like magnetization, specific heat, susceptibility, etc.,
do not deviate from those of linear spin wave theory (LSWT)
beyond a few percent if the leading corrections due to magnon
interactions are taken into account [4–6].

Many of the ordered magnetic materials and the model
Hamiltonians of interest currently do not possess the above
mentioned characteristics that render spin wave interactions
irrelevant. In the present day, there is a lot of interest in
the kind of magnetic order which is not a standalone phase
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but rather competes with other ordered phases or spin liquid
states. Furthermore, the occurence of collinear order (mo-
ments pointing along or opposite to a single direction) is more
likely to be a feature of spin models with a bipartite lattice
structure and short range interactions. Many of the contem-
porary magnetic Hamiltonians that have long range magnetic
order have noncollinear ordering patterns, either because of
multiple coupling constants or geometrical frustration or both.
Finally, the analysis of many measurements requires consid-
erations of excitations of spin models away from the lowest
temperatures. Magnon interactions can in principle play a sig-
nificant role in all such circumstances. The effect of spin wave
interactions in such systems is far from benign and can lead to
substantial spectral renormalization and additional effects like
spontaneous decay of magnons [7,8].

Most of the above reasons to study spin wave interactions
can arise simultaneously in spin models on the pyrochlore
lattice. It is one of the most widely studied platforms to probe
the effect of geometrical frustration on magnetic order. The
A2B2O7 class of materials provides an array of possible ma-
terial realizations [9]. Furthermore, this lattice also proved to
be the source of one of the first topological magnonic band
structures investigated [10], where a nonvanishing thermal
Hall conductivity was explained using a finite Berry curvature
of the spin wave bands. In this context, it is important to
note that while understanding of spin wave interactions is
relevant and important in its own right, interest in the same has
also witnessed a resurgence recently because of the interest
in studying topological magnonic band structures [11–13].
Much of the analysis of topological magnons relies on the
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magnon band structure at the noninteracting level. However,
the emergence of topologically nontrivial spin wave band
structures often involves noncollinear magnetic order and/or
geometrically frustrated lattices, circumstances in which devi-
ations from linear spin wave theory are frequently found. As
a result there have been several recent attempts to ascertain
the effect of interactions on the predictions of topological
magnonic theories, mostly for two-dimensional Hamiltonians
[14–22].

The lattice structure of the pyrochlore allows for
anisotropic interactions like the Dzyaloshinskii-Moriya in-
teraction (DMI) and local spin anisotropies which make
it a very suitable system for noncollinear low temperature
phases and thence for the study of magnon interactions. Ex-
isting works on the effect of spin wave interactions in this
lattice have focused on different aspects of the ferromag-
netic phase [23,24]. In this work we initiate a study of the
effect of spin wave interactions in a spin model on the py-
rochlore lattice with antiferromagnetic Heisenberg exchange
and Dzyaloshinskii-Moriya interactions. We study the all-in-
all-out (AIAO) phase of this lattice and the effect of magnon
interactions on spin wave spectra of this phase. Several aspects
of the magnon spectra of this phase both in the bulk and the
thin film limits have been studied recently [25,25–29]. The
frequent occurrence of this phase in the pyrochlore lattice and
the nature of the phase itself make it an important target for
the investigation of spin wave interactions.

II. MODEL HAMILTONIAN AND FORMALISM

The model Hamiltonian we study has the form

H = J
∑

〈iα, jβ〉
Siα · S jβ +

∑
〈iα, jβ〉

Diα, jβ · (Siα × S jβ )

−
∑

iα

B · Siα. (1)

Here Siα are spins on the sites of the pyrochlore lattice
and the first subscript denotes the Bravais lattice index and
the Greek index denotes one of the four sublattices. J and
Diα, jβ are the coefficients of the Heisenberg exchange and
Dzyaloshinskii-Moriya interactions [30–32], respectively. B
is a static magnetic field and in our analysis we consider
fields pointing along the three commonly used high symmetry
directions of the lattice, namely, the [111], [100], and [110]
directions. The parameters D and B wherever they appear
as numerical values are quoted in units of J , which has the
dimensions of energy. We develop the formalism below for a
general spin quantum number S and present most numerical
results for S = 1 and make comments about S = 1/2 at ap-
propriate places.

In the absence of a magnetic field and the DMI term,
the Hamiltonian with only a nearest neighbor exchange term
has a macroscopically degenerate classical ground state and
is a well known example of a classical spin liquid [33,34].
One set of states of this degenerate manifold are the ordered
states of the all-in-all-out kind. A direct (D > 0) DMI term
in the Hamiltonian selects this particular ordered state out
of the degenerate manifold as the classical ground state, as

noted in early work [35] and which can also be seen from a
Luttinger-Tisza analysis [36]. Thus the classical ground state
is one which has the translation invariance of the underlying
fcc lattice.

Measurements and characterization of pyrochlore mate-
rials often involve applying a magnetic field along high
symmetry directions of the lattice. We analyzed the renor-
malized spectra for fields of various strengths applied along
three of the commonly utilized high symmetry directions of
this lattice, namely, the [111], [100], and [110] directions
shown in Fig. 1(b). In the presence of a magnetic field, the
classical ground state naturally differs from the AIAO state at
zero field. Using numerical minimization within the space of
states in which spins belonging to a particular sublattice have
the same orientation, we find the classical ground states for
finite fields. We study fields pointing along one of the three
high symmetry directions mentioned above. As expected on
general grounds we find that for finite fields the moments
tilt towards the field direction by a magnitude depending on
the strength of the field. While the qualitative effect of the
moments canting towards the field is similar for fields in all
the three high symmetry directions, the details of how the
moments tilt can depend on the direction of the field. For the
[111] direction one of the moments is already aligned with
the field and the other three moments tilt by the same angle
towards the field as shown in Fig. 1(c). The canting happens
in this case in such a manner that each spin rotates towards
the field in a plane defined by its initial direction and the field
direction. For the fields in the [100] direction too, this property
holds. However, the magnitude of tilt is not the same for all the
spins; one pair of sublattices have one tilt value and another
pair have a different tilt value. Finally, for the [110] direction,
the tilt towards the field is not in general in the plane defined
by the initial moment direction and the field direction. For
the field strengths that we have investigated, the tilting effect
of a magnetic field on the classical ground state is small, as
depicted for a representative case in Fig. 1(c). It shows the
moments of the tetrahedral unit in the classical ground state
without and with a magnetic field (of strength B = 2.0J) for
D = 0.1J . Even though we have only analyzed field strengths
far from saturation it might be of interest to the reader to have
an estimate of the saturation fields. For the case of the field in
the [111] direction, the energy function to be minimized can
be written in an analytical form as a function of the tilt angle.
In the Appendix, we present that function, and under certain
stated assumptions, present how the canting angle changes
with the field up to saturation. We emphasize again, however,
that the data presented in the rest of main text are for fields far
away from saturation.

Before we discuss our results for the renormalized spectra
of the AIAO phase, we present below the relevant aspects of
the formalism of LSWT and magnon interactions in general
terms, in the notation that we use throughout the text.

We assume the spin model to be defined on a lattice which
is a Bravais lattice with a number of sublattices. The classical
ground state phases we consider are such that each spin be-
longing to a sublattice has a fixed orientation. Using a suitable
rotation of axes we orient the local “z axis” (denoted using the
superscript 3 below) along the direction of the moment at each
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FIG. 1. (a) The Brillouin zone of the pyrochlore lattice with the locations of the high symmetry points used in this work. (b) The three
high symmetry directions along which magnetic fields have been considered. (c) The classical ground states in the absence and the presence
of a magnetic field. The red colored arrows are spin directions in the all-in-all-out phase which is the ground state in the absence of a field for
a finite D(= 0.1J here). The green colored arrows are after a finite field (B = 2.0J ) is applied. The field is along the [111] direction in this
example.

sublattice. The Hamiltonian H of Eq. (1) can be written as

H =
∑
iα, jβ

[
J33

iα; jβS3
iαS3

jβ + J++
iα; jβS+

iαS+
jβ + J−−

iα; jβS−
iαS−

jβ

+ J+−
iα; jβS+

iαS−
jβ + J−+

iα; jβS−
iαS+

jβ + J+3
iα; jβS+

iαS3
jβ

+ J3+
iα; jβS3

iαS+
jβ + J−3

iα; jβS−
iαS3

jβ + J3−
iα; jβS3

iαS−
jβ

]
−

∑
iα

B3
αS3

iα − 1

2

∑
iα

(B−
α S+

iα + B+
α S−

iα ). (2)

The sums over iα, jβ above are unrestricted and run over
all sites of the lattice. All coupling constants of the form J [][]

iα; jβ
have the translation invariance of the underlying Bravais lat-
tice and periodic boundary conditions are assumed when finite
lattices are studied. We define the local axes unit vectors for
every sublattice α : (ê1

α, ê2
α, ê3

α ), with the moment pointing
along ê3

α in the classical ground state. If the orientation of the
sublattice α is given by the (θα, φα ) point on the unit sphere
then we choose (ê1

α, ê2
α, ê3

α ) = (θ̂α, φ̂α, r̂α ). (ê1
α, ê2

α, ê3
α )

define a local right-handed coordinate system for each sublat-
tice α, so we have Sm

iα = Siα · êm
α and S±

iα = S1
iα ± S2

iα and thus
Sm

iα follow the standard spin commutation relations. In the last
set of terms in Eq. (2) the scalar product B · S has been written
using the components of Bm

α and Sm
iα along the local axes at

the location of each spin with B±
α ≡ (B1

α ± iB2
α ). As indicated

above B3
α, S3

iα are the components along the direction of the
spin in the classical ground state.

We provide one example to make clear for the reader the
relation between the terms in Eqs. (1) and (2). We consider,
for illustration, the terms in Eq. (1) with the sublattice indices
α = 1, β = 2. (ê1

1, ê2
1, ê3

1) are the orthonormal unit vectors
of the local right-handed coordinate system associated with
sublattice 1. The vector operator for the spin at sublattice 1 can
be written as Si1 = ∑

m Sm
i1 êm

1 . The notation for Si2 is defined
analogously. We note that êm

α do not have a Bravais lattice
site index, consistent with the fact that the studied classical
ground state has the translation invariance of the underlying
Bravais lattice. We reexpress the exchange and DMI terms

corresponding to this pair, as follows:

1

2
[JSi1 · S j2 + Di1, j2 · (Si1 × S j2)]

= 1

2

[∑
m,n

[
J êm

1 · ên
2 + Di1, j2 · (

êm
1 × ên

2

)]
Sm

i1Sn
j2

]

=
∑
m,n

Dmn
i1; j2Sm

i1Sn
j2. (3)

The factor of 1
2 has been introduced to account for the fact that

the sums in Eq. (2) are unrestricted. In writing the above we
have assumed that (i1, j2) are nearest neighbors. Given the
unrestricted nature of the sums in Eq. (2), if (iα, jβ ) are not
a nearest neighbor pair, Dmn

iα; jβ are zero for our Hamiltonian.
We can now rewrite all the terms in the above expression
in terms of S3

iα, S±
iα = S1

iα ± iS2
iα . Doing so and collecting the

coefficients appropriately yields Eq. (2). For instance, J++
i1; j2 is

given by

J++
i1; j2 = 1

4

[
D11

i1; j2 − iD12
i1; j2 − iD21

i1; j2 − D22
i1; j2

]
. (4)

Equations (3) and (4) (and analogous ones for other sublat-
tice pairs) establish the connection between the bare coupling
constants, the classical ground state about which spin wave
excitations are calculated, and the coupling constants in
Eq. (2). Though we chose our nearest neighbor example to
illustrate the relation, the notation of course is general and
can incorporate broadly defined Hamiltonians with terms that
are quadratic in spin operators (including generic single site
anisotropy terms). The local axes conventions that we have
used and the detailed expressions of all the coefficients J [][]

iα; jβ
in terms of Dmn

iα; jβ following the same procedure outlined
above can be found in the Appendix of earlier work by two
of us [29], where our notation was introduced.

We use the Holstein-Primakoff (HP) [37] bosonic rep-
resention for the spin operators (S3

iα = S − b†
iαbiα, S+

iα =√
2S − b†

iαbiα biα ). The Hamiltonian equation (2) expressed
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in terms of biα , retaining the leading order terms involving interactions among (HP) bosons, has the following structure:

H ≈ HSW = HLSWT + Hint, HLSWT = ELSWT
GS +

∑
q,α

[εqα f †
qα fqα] (5)

Hint = H33
int + H++

int + H−−
int + H+−

int + H−+
int + H3+

int + H+3
int + H3−

int + H−3
int , where

H33
int = 1

N

∑
{qi},Q
α,β

J̃33
αβ (Q)b†

q1α
bq1+Qαb†

q3β
bq3−Qβ,

H++
int = − 1

2N

∑
{qi}
α,β

J̃++
αβ (q2)bq2αb†

q2+q3+q4β
bq3βbq4β − 1

2N

∑
{qi}
α,β

J̃++
αβ (−q4)b†

q2+q3+q4α
bq2αbq3αbq4β,

H+−
int = − 1

2N

∑
{qi}
α,β

J̃+−
αβ (q2 + q3 − q4)bq2+q3−q4αb†

q2β
b†

q3β
bq4β − 1

2N

∑
{qi}
α,β

J̃+−
αβ (q2 + q3 − q4)b†

q4α
bq2αbq3αb†

q2+q3−q4β
,

H3+
int = −

√
2S

N

∑
{qi}
α,β

J̃3+
αβ (−q3)b†

q2+q3α
bq2αbq3β −

√
S

8N

∑
{qi}
α,β

J̃3+
αβ (0)b†

q2+q3β
bq2βbq3β,

H+3
int = −

√
2S

N

∑
{qi}
α,β

J̃+3
αβ (q2 − q3)bq2−q3αb†

q2β
bq3β −

√
S

8N

∑
{qi}
α,β

J̃+3
αβ (0)b†

q2+q3α
bq2αbq3α, (6)

where the other terms (H−−
int , H−+

int , H3−
int , H−3

int ) in Eq. (6) are
related to the terms written above because of the Hermiticity
of the Hamiltonian. In the terms that we have written in
Eq. (6), though the magnetic field is not seen explicitly it is
included: the LSWT spectra εqα depend on it explicitly and the
coupling constants depend on it implicitly since the field plays
a role in determining the classical ground state and the various
coupling constants [see the discussion leading to Eqs. (3)
and (4)].

The noninteracting part of the Hamiltonian HLSWT is writ-
ten in terms of new bosonic operators { fqα}([ fqα, f †

q′α′] =
δqq′δαα′ ) and εqα are the spin wave energies at the level of
noninteracting magnons. We denote by �q the linear trans-
formation relating the old and the new bosonic operators,
[fq f†

−q]T = �q[bq b†
−q]T . For the construction of �q we fol-

low a well established procedure [38]. In the presence of a
finite magnetic field we determine the classical ground state,
necessary to proceed with the spin wave analysis, using nu-
merical optimization. The evaluation of εqα includes the effect
of a finite magnetic field term. We note that the field term
also results in terms which are linear in the transverse spin
components but such terms (in conjunction with similar terms
from the exchange terms) vanish for a valid extremum of the
classical energy function.

Hint is the magnon-magnon interaction part of the Hamil-
tonian, obtained by keeping the next order terms beyond
those required for linear spin wave theory using Holstein-
Primakoff bosons. We retain terms until S0 in writing Hint and
consider leading order effects of nonlinear spin wave theory
(NLSWT).

We consider the time-ordered Green’s function at zero
temperature:

iGαβ (q, t1 − t2) = 〈�GS|T ( fqα (t1) f †
qβ (t2))|�GS〉

〈�GS|�GS〉 . (7)

Here |�GS〉 is the ground state of HSW in Eq. (5) and fqα (t1)
and f †

qβ (t2) are operators in the Heisenberg representation.
T is the time-ordering operator which orders operators from
latest to earliest times and i ≡ √−1. Following the standard
formulation for such Green’s functions [39] we have

iGαβ (q, t1 − t2)

= f 〈0|T [
f̂qα (t1) f̂ †

qβ (t2) exp
(−i

∫ ∞
−∞ Ĥint(t )dt

)]|0〉 f

f 〈0|T exp
(−i

∫ ∞
−∞ Ĥint(t )dt

)|0〉 f

. (8)

The “ˆ” above the operators indicates the interaction pic-
ture with the noninteracting Hamiltonian being HLSWT. Hint

has already been defined in Eq. (6). |0〉 f is the vacuum state
of the f bosons ( fqα|0〉 f = 0,∀{q, α}) or, equivalently, the
ground state of HLSWT. Gαβ (q, ω) = ∫

Gαβ (q, t ) exp(iωt )dt
satisfies the Dyson equation:

Gαβ (q, ω) =
[

1

G−1
0 (q, ω) − �(q, ω)

]
αβ

, where

[G0]αβ (q, ω) =
[

1

ω − εqα + iη

]
δαβ, (9)

where �(q, ω) is the irreducible self-energy. The poles of
the Green’s function Gαβ (q, ω) determine the renormalized
spectra and their widths. In this work we calculate the leading
order term of the irreducible self-energy �(q, ω) and evaluate
the poles of the Green’s function to obtain the renormalized
spectra.

We note here the Hint as written in Eq. (6) is not normal
ordered when expressed in terms of the f bosons, in terms
of which the vacuum of the noninteracting Hamiltonian is
defined. In order to evaluate the first term in self-energy using
the application of Wick’s theorem, we use the prescribed
method of normal ordering the operators of the interaction
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FIG. 2. A representative selection of linear spin wave theory (LSWT) spectra. (a)–(d) Magnon bands of the LSWT Hamiltonian for
D = 0.1J, 0.2J, 0.3J, 0.4J and B ≈ 0(= 0.005J ). (e)–(h) Magnon bands of the LSWT Hamiltonian for D = 0.3J and B =
0.5J, 1.0J, 2.0J, 3.0J along the [111] direction. The interacting spin wave analysis discussed in the rest of this work studies the leading
order corrections to LSWT results for D ∈ (0.1J, 0.2J, 0.3J, 0.4J, 0.5J ) and B ∈ (0.5J, 1.0J, 2.0J, 3.0J ) along the [111], [100], and [110]
directions.

Hamiltonian which appear with the same time label [40],
before applying the contractions.

Though the procedure is known, we provide here one illus-
trative example of how the contributions to the leading order
self-energy are evaluated for our case, in our notation.

Consider one of the terms of the interaction Hamiltonian,
namely, H33

int , which when written in terms of the f bosons has
the following form:

H33
int = 1

N

∑
{qi},Q
α,β

J̃33
αβ (Q)b†

q1α
bq1+Qαb†

q3β
bq3−Qβ

= 1

N

∑
{qi},Q

α,β,{βi}

J̃33
αβ (Q)

× [
[�−1(q1)]

∗
α,4+β1

f−q1β1 + [�−1(q1)]
∗
α,β1

f †
q1β1

]
× [

[�−1(q̃1)]α,β2
fq̃1,β2 + [�−1(q̃1)]α,4+β2

f †
−q̃1,β2

]
× [

[�−1(q3)]
∗
β,4+β3

f−q3β3 + [�−1(q3)]
∗
β,β3

f †
q3β3

]
× [

[�−1(q̃3)]β,β4
fq̃3,β4 + [�−1(q̃3)]β,4+β4

f †
−q̃3,β4

]
,

where q̃1 = q1 + Q and q̃3 = q3 − Q. (10)

Every quartic term in Eq. (10) which has two creation
and annihilation operators can in principle contribute a non-
vanishing term to the first order self-energy. One such term
has the form f †

q1β1
fq1+Q,β2 f †

q3β3
fq3−Q,β4 . Writing this term in

normal ordered form and applying Wick’s theorem will result
in a contribution to the first order self-energy from this term,
which we call �1010,33

μν (q, ω) (where 1 ⇒ creation operator,
0 ⇒ annihilation operator), of the following form:

�1010,33
μν (q, ω) = 1

N

∑
Q

α,β,β3

J̃33
αβ (Q)[�−1(q)]

∗
α,μ[�−1(q + Q)]α,β3

× [�−1(q + Q)]
∗
β,β3

[�−1(q)]β,ν . (11)

There will clearly be several more contributions like this to the
self-energy from H33

int . The total irreducible self-energy at first
order, which we use for evaluation of renormalized magnon
bands in the rest of this work, is the sum of such contributions
from all the quartic terms in Eq. (6). We note that at this order
the self-energy is frequency independent and Hermitian. We
emphasize that the notation we have used here is completely
general and the above formalism is applicable for the analysis
of renormalized magnon spectra of an ordered phase of a
lattice with a basis, provided the spin wave analysis is about
a classical ground state which has the translation invariance
of the underlying Bravais lattice. We now present our results
of this analysis for the AIAO phase of the pyrochlore lattice
described by Eq. (1).

III. RENORMALIZED MAGNON SPECTRA

For the evaluation of the renormalized spectra of the
Hamiltonian we have used system sizes of 4N3 sites with
N = 10, 20. For magnon spectra along a high symmetry path
the evaluation of the leading order self-energy involves a sum
over momenta over the Brillouin zone. We evaluate that sum
for the lattice sizes mentioned above and have verified that
the difference in the final depicted spectra, a measure of finite
size errors, is small. Throughout the text we show spectra
along a path passing through high symmetry points in the
Brillouin zone. Figure 1(a) depicts the Brillouin zone and the
high symmetry points.

Before we discuss the renormalized spectra it is useful
to have for reference LSWT spectra for different D and B
values. Figure 2 shows the magnonic band structure of the
LSWT Hamiltonian for a vanishingly small magnetic field
for D = 0.1J, 0.2J, 0.3J, and 0.4J (top row). We recall that
an evaluation of the magnon bands of the all-in-all-out state
in the absence of the DMI results in two sets of doubly
degenerate bands, one flat band at zero energy and another
dispersive [41]. The DMI results in a gap as can be seen in
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FIG. 3. (a)–(d) The renormalized spectrum for the four bands, from the lowest to the highest, evaluated using the self-energy at first order
in nonlinear spin wave theory for B ≈ 0(= 0.005J ), S = 1 and several strengths of the DMI interaction. For reference, the corresponding linear
spin wave theory bands can be found in Fig. 2.

Fig. 2 and also makes the lower bands dispersive. We now
investigate here what happens to these spectra under spin wave
interactions.

At the level of first order in spin wave interactions the
spectra are simply renormalized but remain sharp. This fol-
lows from the frequency independence and the Hermiticity of
the evaluated first order self-energy matrices over the Bril-
louin zone. At this leading order in magnon interactions we
find significant renormalization of the LSWT spectra. Fig-
ures 3(a)–3(d) depict the renormalized bands starting from
the lowest to the highest for values of DMI in the range
D ∈ [0.1J, 0.5J]. The general effect of the energy of the
bands increasing as the value of DMI is increased remains
true for the renormalized bands, however, with substantial
renormalization. We also find that the spectra in the vicinity
of the � point get renormalized to negative values for the
lowest band indicating an instability of the AIAO phase to
spin wave interactions. The data shown in Fig. 3 are depicted
for S = 1. We have also studied the Hamiltonian for S = 1/2.
The linear spin wave spectra are a simple linear function of
the spin quantum number in the absence of a field. Hence
all the magnon energies simply get renormalized to half their
values in Fig. 2 (top row). This results in the lowest band
being nearer to the degenerate classical spin liquid manifold
for S = 1/2 than for S = 1. Broadly, we find that this results
in the increased fragility of the AIAO phase for S = 1/2
compared to S = 1. The instability indicated by the negative
values of the renormalized spectra are seen to be present for
higher values of D in the case of S = 1/2 compared to S = 1.
We note here that a tiny field of strength 0.005J was added to
induce a small breaking of exact degeneracy in bands (which
exists for B = 0) and thence permit unambiguous band labels
in the noninteracting Green’s function. This also enables us
to clearly identify bands with labels during the evaluation of
the self-energy, which involves a sum over the Brillouin zone
wave vectors and bands. The data presented in Fig. 3 are for a
lattice of 4N3, N = 20 spins.

In Sec. II we described the effect of magnetic fields
on the classical ground state. We now present our results
on the spectral renormalization because of magnetic fields
along the three high symmetry directions. We have stud-
ied field strengths of B = 0.5J, 1.0J, 2.0J, 3.0J for the all
strengths of DMI we have analyzed until now. These fields
are considerably smaller than the expected saturation fields
for the DMI strengths studied (see the Appendix). For refer-
ence, a selection of noninteracting magnon spectra have been
presented in Figs. 2(e)–2(h).

Figure 4 depicts representative data showing the effects
of a magnetic field. The top row depicts the LSWT spectra
for D = 0.3J and B = 2.0J , for B ‖ [111], [100], and [110],
respectively. The bottom row depicts the renormalized spectra
for the lowest band for various values of the strength of the
DMI. A comparison between the plots in the bottom row and
those of Fig. 3 clearly indicates that between the DMI and the
field the former is the more important factor in determining
the extent of the renormalization for the parameter ranges
that we have studied. In both Figs. 3 and 4 we notice the
appearance of several discontinuities and singularities in the
renormalized spectrum. We find these features under one or
more of several conditions. They often occur at high sym-
metry points and most prominently near the � point. These
discontinuities appear to have a regular trend in the vicinity
of those points, in the sense that the bands have a continuous
behavior in either direction of the high symmetry point along
the path. These indicate a discontinuous approach towards the
high symmetry point from different directions in the Brillouin
zone, within our evaluation method. A related kind of singular
behavior happens to be at those wave vectors in the Brillouin
zone where the LSWT spectra have point degeneracies. In
LSWT these are usually avoided crossings with very small
gaps for the lattice sizes we study. Sometimes finite disconti-
nuities like these can also be found in regions of the Brillouin
zone not necessarily close to any high symmetry point or
small gaps in the LSWT spectra [see, for instance, the segment
K� in Fig. 4(f)]. Considering the proximity of such singular
behavior in several cases to points in the Brillouin zone with
small gaps, we believe many such jumps are the results of
using the perturbative evaluation of the self-energy beyond
the limits of its applicability. In the absence of such problems
caused in a perturbative evaluation by small gaps in multiband
systems these kinds of discontinuities have been reported in
studies of magnon interactions in Bravais lattices, for instance,
in the triangular lattice [7]. There they were found to be
regions with an enhanced scattering rate for magnons. The
fact that these features in the spectra are likely associated with
an enhanced scattering rate is also indicated by the fact that
an increase in the strength of DMI reduces the size of these
effects, as is clear in Figs. 4(d)–4(f). An increase in DMI takes
the single magnon spectrum further away from the degener-
ate classical manifold at D = 0, thus reducing the available
scattering space that is close to the band energy. It is likely
that a nonperturbative evaluation of the self energy and/or a
higher order calculation will result in regular behavior near
such points. However, since these jumps are at isolated points
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FIG. 4. Spectral renormalization with a magnetic field: (a)–(c) LSWT bands for a magnetic strength of B = 2.0J and D = 0.3J applied
along the [111] (a), [100] (b), and [110] (c), directions. (d)–(f) The renormalized spectra for the lowest band for the same three directions for
leading order spin wave interactions for D ∈ [0.1J, 0.2J, 0.3J, 0.4J, 0.5J].

(in a three-dimensional Brillouin zone) they do not result
in substantial loss in accuracy for data that we present later
for quantities over the full zone. We have not explored in
this work possible methods to regularize the data near such
points, such as introducing small terms in the Hamiltonian
to increase the gap at such degeneracies. We note, further-
more, that some of these point degeneracies are topological
in nature and a proper treatment of interacting magnons
around such points may not be possible using a perturbative
framework.

As can be seen by a comparison of Figs. 3 and 4, for the
lowest band we notice that presence of a magnetic field has
renormalized the bands further down for all the values of D
we have studied. It is relevant here to probe the effect on the
renormalized spectra by varying the field strength and also
investigate the effects on the other bands. Figure 5 presents
both the noninteracting magnon spectra as well as the renor-
malized spin wave spectra for several different values of the
magnetic field and for all four bands of the Hamiltonian. It
is clear that for the lowest band the stronger renormaliza-
tion towards lower values as the field strength is increased
is generically true. Thus an increase in field strength for
a given value of D increases the tendency towards desta-
bilization of the phase. We have shown in Fig. 5 data for
fields in the [111] direction but the above statement is true
also for the other directions we have analyzed. The effect
of the field, however, can depend on the band being con-
sidered. For instance, we see that the trend of decreasing
renormalized spectra for an increasing field strength is re-
versed when we consider the highest band as can be seen
in Fig. 5(h). The kind of nonanalytic behaviors discussed
for the lowest band earlier are also present for the higher

bands and, as in the case of the lowest band, the disconti-
nuities decrease in magnitude as the strength of the DMI is
increased.

Ground state energy and renormalized magnon spectra

In the previous section we have been discussing the extent
of spectral renormalization because of magnon interactions
along high symmetry paths in the Brillouin zone. We now
analyze the effect of magnon interactions on the spectra over
the whole zone. The obvious way to extract this is to probe
a quantity which is dependent over all magnon frequencies.
One such physical quantity with a simple dependence on
magnon energies is the ground state energy. In the absence
of magnon interactions we know that the ground state energy
of the noninteracting Hamiltonian is given by

ELSWT
GS = E0 +

∑
q,α

′
ηqε

LSWT
−qα , (12)

where E0 ≡ NS(S + 1)
∑

αβ J̃33
αβ (0) − N (S + 1

2 )
∑

α B3
α is a

constant independent of the magnon frequencies. The "′" over
the summation indicates that there is one term in the sum for
each unique (q,−q) pair. ηq is 1 for all wave vectors in the
zone except for those points for which q and −q differ by a
reciprocal lattice vector, in which case ηq = 1

2 . Under spectral
renormalization, the renormalized spectra obtained from the
poles of the Green’s function are the single particle excita-
tion energies of the interacting Hamiltonian. Replacing the
noninteracting magnon energies in the above expression with
the renormalized energies we can obtain, using the change in
the evaluated ground state energy, an estimate of the effect of
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FIG. 5. Spectral renormalization of all bands as a function of the magnetic field: (a)–(d) LSWT bands (lowest to highest) for magnetic field
strengths B ∈ [0.5J, 1.0J, 2.0J, 3.0J] and D = 0.3J applied along the [111] direction. (e)–(h) The renormalized spectra for leading order spin
wave interactions for the same parameters as in the figures in the top row.

magnon interactions over the whole band. Thus

ENLSWT
GS = E0 +

∑
q,α

′
ηqε

NLSWT
−qα (13)

can be considered to be the estimate of the ground state energy
in the presence of the interactions. Figure 6 depicts the rela-
tive change in the ground state energy estimates because of
magnon interactions. Clearly, as expected from earlier plots,
a higher value of D results in a smaller correction and hence
a smaller overall effect of the interaction terms. Interestingly,
though for a given value of D an increase in the strength of
the magnetic field does increase the system’s tendency to be
unstable by renormalizing the lowest band to smaller values,
overall for a bulk quantity like EGS the field seems to work
against the spin wave interactions. For instance, in Fig. 6, at
any given D increasing the value of the field is taking the
ENLSWT

GS value closer to ELSWT
GS , the value in the noninteracting

limit. This essentially is a result of the fact that the field
(unlike the DMI strength D) affects different bands differently

and the bulk quantities being a sum over all bands feel the
resulting cancellation effect.

IV. TWO-MAGNON CONTINUUM AND MAGNON DECAY

In the previous section we analyzed the poles of the single
particle Green’s function by evaluating the leading order term
of the self-energy. At this order, as mentioned in the previous
section, the poles are real and hence magnon interactions
result only in the renormalization of the LSWT spectra while
keeping the excitations sharp. The lowest order term which
can result in poles with an imaginary part is at second order of
terms involving the three bosons, for, e.g., J̃3+

αβ , etc., in Eq. (6).
In principle, such a second order term can result in magnon

decay via scattering into two magnons [8]. A detailed analy-
sis of the pole structure and the associated imaginary parts
requires the evaluation of the second order self-energy and a
numerical search for the singularities of the Green’s function
using the evaluated self-energy until the second order. How-
ever, it is possible to obtain preliminary information about the

FIG. 6. The relative difference between the estimates of the ground state energy from linear and nonlinear spin wave theory, with magnetic

fields along three high symmetry directions and for various D values. (a)–(c) The quantity plotted in all three panels is
ELSWT

GS −ENLSWT
GS

|ELSWT
GS | , with

magnetic field B along the [111], [100] and [110] directions respectively.
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FIG. 7. The difference between the bottom of the two-magnon continuum at each wave vector and the band energy, minimized over the
whole Brillouin zone and all decay channels. A negative value indicates that the condition [Eq. (14)] for the magnon decay is satisfied, for the
band considered, somewhere in the Brillouin zone. Panels (a)–(d) are the data for the first (lowest), second, third, and fourth band, respectively.
Data presented are evaluated for a lattice size of 4N3(N = 20) spins.

approximate energy regions where magnon decay is allowed
using the second order self-energy at the LSWT energies. In
that approximation in order for magnon decay to be possible
the LSWT spectra have to satisfy certain kinematic conditions
[8,42,43]. For instance, for the decay of the α-th band at the
wave vector k into two magnons in the β-th and γ -th bands,
requires

εk,α = εq,β + εk−q,γ (14)

for some q in the Brillouin zone. Thus there should be an inter-
section of the band of two-magnon excitations corresponding
to a given momentum with the single magnon band at the
same wave vector for such a decay to be possible. A specific
triplet (α, β, γ ) in Eq. (14) is a particular decay channel and
a given band α can decay via multiple channels. We have
investigated this possibility of decay for the system we are
studying and the results are displayed in Fig. 7.

The quantity 

two-magnon
min which has been plotted is defined

in the following manner:



two-magnon
min (α) = min

k,q,β,γ
[(εq,β + εk−q,γ ) − εk,α], (15)

where k, q are both vectors in the first Brillouin zone. Thus
the 


two-magnon
min (α) quantity is related to the gap between the

bottom of the two-magnon continuum and the energy of
the α-th band at wave vectors in the Brillouin zone. The
minimization over (k, β, γ ) indicates, should the minimum
be a negative number, that the two-magnon continuum and
the band intersect somewhere in the Brillouin zone. Thus
Fig. 7 depicts a one-parameter diagnostic, for the ranges of
B and D we have studied, to indicate if a magnon decay is
possible.

The data clearly demonstrate that the lowest band, if it is
not destabilized by the leading order interaction term, does
not satisfy the kinematic condition for decay for the range
of fields and DMI interactions that we have studied. Further-
more, we see clearly that the tendency to decay increases for
any given strength of DMI with the increase of the strength
of the magnetic field and decreases as the strength of the
DMI is increased. We note here that the condition equation
(14) is a necessary, but not a sufficient condition for magnon
decay through this mechanism. A nonvanishing self energy
matrix element will also require the relevant matrix element
dependent on J̃3+

αβ , etc., to be nonzero. Thus the results of
Fig. 7 should be understood as being indicative of the parame-
ters where the bands are protected against decay and possible

parameter regions where decay might occur, provided other
conditions are satisfied.

V. SUMMARY AND DISCUSSION

The all-in-all-out phase of the pyrochlore lattice is a very
suitable platform for probing the effect of spin wave interac-
tions. It is a noncollinear ground state, which can be close in
parameter and energy space to a macroscopically degenerate
ground state manifold of a geometrically frustrated system. In
this preliminary analysis of the effect of spin wave interactions
in this phase we have shown that the stability of the phase
can be jeopardized below some strength of the DMI. Also,
the application of a magnetic field generically increases a
tendency towards destabilization of the phase. The nature of
that phase itself cannot be gauged from our analysis but for
our parameter values it is far from the field dominated ordered
phases.

Our results in this work are restricted to the leading order
calculations of self-energy. The next order effects have in sev-
eral cases been accounted for using an effective modification
to the three boson terms of the interaction Hamiltonian and
the associated canting angle renormalization [44,45]. Such
higher order effects, though not negligible, are smaller than
the leading order effects for fields far away from saturation
[45]. In our study, which is on a three-dimensional system
with a multiple sublattice structure, we have restricted our
analysis to the leading order, considering the higher dimen-
sion and the values of the field being far from staturation.
On general grounds, considering the subdominant effect at
low fields in two dimensions, we expect higher order ef-
fects to be weak compared to the leading order effects for
those of our parameter regimes where order is stable up
to spectral renormalization. Our objective in this work has
been to demonstrate the trend of spectral renormalization in
a broad range of parameters for a general class of Hamil-
tonians on the pyrochlore lattice. While the general trends
with change in DMI or the fields can be expected to be the
same, the precise extent of band renormalization for a given
value of DMI and field can differ because of higher order
effects.

In this study we have also not addressed the issue of the
fate of the topological nature of the band structures with the
AIAO phase, which might require nonperturbative techniques
close to topological degeneracies as mentioned in the text.
However, the significant spectral renormalization we report
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FIG. 8. Variation of the canting (tilt) δ towards the field direction relative to the moment orientation in the AIAO state, when the field is
along the [111] direction. δ is effectively the angle between the green and red arrows in Fig. 1 for those spins which are not aligned with the
field direction. δ0 is the angle between the AIAO direction and the field direction. δ/δ0 = 1 implies the state fully polarized along the field
direction. (a) S = 1. (b) S = 1/2.

especially along high symmetry directions in the Brillouin
zone means that the estimation of the phase boundaries for
transitions to such phases might be quite different from those
gauged from linear spin wave theory. Finally, our evaluations
of the possible parameter regions to probe magnon decay can
be extended to give detailed accounts of the channel resolved
decay surfaces or the quantitative effect on scattering cross
sections. Having established the necessity to take spin wave
interactions into account, these more extensive analyses are
among the logical next steps for this phase of the pyrochlore
lattice.
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APPENDIX: VARIATION OF CANTING ANGLE
WITH THE FIELD

In the main text we discussed the effect of a finite magnetic
field on the classical AIAO state which is the lowest energy
state in the absence of a field. In Fig. 1(c) we depicted the
nature of the classical ground state for a field along the [111]
direction. In this case, the three spins of the tetrahedron not
aligned with the field tilt towards the field by the same angle δ

and the canting happens for each spin in the plane containing
the field direction and the initial orientation of the moment.
Using these as the defining features of the ground state we
can reduce the problem of finding the classical ground state to
minimizing the following classical energy function for a given

value of J, D, and B.

E classical
per site = 3JS2

8
− 3

√
2DS2

8
− BS

4

+ sin(δ)

[√
2JS2 − DS2

2
− BS√

2

]

+ cos(δ)

[
BS

4
−

√
2DS2 − JS2

2

]

+ sin(2δ)

[
DS2

4
− JS2

√
2

]

+ cos(2δ)

[
− 5

√
2DS2

8
− 7JS2

8

]
. (A1)

The tilt angle corresponding to the classical ground state
is the δ corresponding to the minimum of the E classical

per site . It is
possible to obtain estimates of the saturation field for this class
of states by evaluation of the minima for a range of magnetic
fields. The results are shown in Fig. 8 both for S = 1 and
S = 1/2. As expected the canting decreases with the increase
in the strength of the DMI and for the figures depicted in the
main text the fields are well below the saturation fields. The
results of the minimization of the above function do coincide
with the numerical minimization results (produced without
using any constraints on the spin orientations) used in the
main text. We point out here that the above estimates of the
saturation fields rely on the specific nature of the magnetic
state used, namely coplanarity of the initial and final direction
of the moment and the magnetic field direction. We do not
know of any proof that the class of minimizing functions will
satisfy this property for the entire range of fields depicted in
Fig. 8. However, as already mentioned, we rely on uncon-
strained minimization and for our field values of interest the
property holds. An expression like Eq. (A1) can in principle
be written for the [100] direction as well using two different
canting angles but as it should be clear to the reader it is
likely to be considerably more involved and we do not provide
explicit expressions for the same.
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